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Question: Determine         , the maximum number of 
equiangular lines in     .  

Definition: A set of lines passing through the origin is called 
equiangular, if every pair of lines make the same angle.

Earliest work:

Haantjes, Seidel 47-48

Blumenthal 49 

Van Lint, Seidel 66

Lemmens, Seidel 73

…
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Earliest work:

Haantjes, Seidel 47-48

Blumenthal 49 

Van Lint, Seidel 66
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…

Connections: 
• Elliptic geometry

• Frame theory

• Theory of polytopes

• Banach space theory

• Spectral graph theory

• Algebraic number theory

• Quantum information theory
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Theorem[Absolute bound] (Gerzon 73):                       .
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Theorem[Absolute bound] (Gerzon 73):                       .

Proof: Let                   be unit vectors along the given lines. 
Then                         for some                  .
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Consider the matrices                         . They live in the space of            
symmetric            matrices, which has dimension         .
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Theorem[Absolute bound] (Gerzon 73):                       .
What is known?

<latexit sha1_base64="MXkDC87RwuAPusvzaeP/wqLg0pk=">AAACAXicbVDLSsNAFJ34aq2vqBvBzWARKkJJiq9lwI0racE+oAllMp20QyeTODMRSogbf8WNC0Xc+hfu/AHxM5w+Ftp64MLhnHu59x4/ZlQqy/o0FhaXlldy+dXC2vrG5pa5vdOQUSIwqeOIRaLlI0kY5aSuqGKkFQuCQp+Rpj+4HPnNOyIkjfiNGsbEC1GP04BipLTUMfeuS+IIuozcQtenPApTcWxnaSXrmEWrbI0B54k9JUUH1r6/8rnTasf8cLsRTkLCFWZIyrZtxcpLkVAUM5IV3ESSGOEB6pG2phyFRHrp+IMMHmqlC4NI6OIKjtXfEykKpRyGvu4MkerLWW8k/ue1ExVceCnlcaIIx5NFQcKgiuAoDtilgmDFhpogLKi+FeI+EggrHVpBh2DPvjxPGpWyfVY+qdlFxwET5ME+OAAlYINz4IArUAV1gME9eATP4MV4MJ6MV+Nt0rpgTGd2wR8Y7z+pAJiy</latexit>

N(r) 
�r+1

2

�



Theorem[Absolute bound] (Gerzon 73):                       .
What is known?

- tight in dimension 2,3, 7 and 23. No other cases of equality 
are known.

<latexit sha1_base64="MXkDC87RwuAPusvzaeP/wqLg0pk=">AAACAXicbVDLSsNAFJ34aq2vqBvBzWARKkJJiq9lwI0racE+oAllMp20QyeTODMRSogbf8WNC0Xc+hfu/AHxM5w+Ftp64MLhnHu59x4/ZlQqy/o0FhaXlldy+dXC2vrG5pa5vdOQUSIwqeOIRaLlI0kY5aSuqGKkFQuCQp+Rpj+4HPnNOyIkjfiNGsbEC1GP04BipLTUMfeuS+IIuozcQtenPApTcWxnaSXrmEWrbI0B54k9JUUH1r6/8rnTasf8cLsRTkLCFWZIyrZtxcpLkVAUM5IV3ESSGOEB6pG2phyFRHrp+IMMHmqlC4NI6OIKjtXfEykKpRyGvu4MkerLWW8k/ue1ExVceCnlcaIIx5NFQcKgiuAoDtilgmDFhpogLKi+FeI+EggrHVpBh2DPvjxPGpWyfVY+qdlFxwET5ME+OAAlYINz4IArUAV1gME9eATP4MV4MJ6MV+Nt0rpgTGd2wR8Y7z+pAJiy</latexit>
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Theorem[Absolute bound] (Gerzon 73):                       .
What is known?

- tight in dimension 2,3, 7 and 23. No other cases of equality 
are known.

<latexit sha1_base64="MXkDC87RwuAPusvzaeP/wqLg0pk=">AAACAXicbVDLSsNAFJ34aq2vqBvBzWARKkJJiq9lwI0racE+oAllMp20QyeTODMRSogbf8WNC0Xc+hfu/AHxM5w+Ftp64MLhnHu59x4/ZlQqy/o0FhaXlldy+dXC2vrG5pa5vdOQUSIwqeOIRaLlI0kY5aSuqGKkFQuCQp+Rpj+4HPnNOyIkjfiNGsbEC1GP04BipLTUMfeuS+IIuozcQtenPApTcWxnaSXrmEWrbI0B54k9JUUH1r6/8rnTasf8cLsRTkLCFWZIyrZtxcpLkVAUM5IV3ESSGOEB6pG2phyFRHrp+IMMHmqlC4NI6OIKjtXfEykKpRyGvu4MkerLWW8k/ue1ExVceCnlcaIIx5NFQcKgiuAoDtilgmDFhpogLKi+FeI+EggrHVpBh2DPvjxPGpWyfVY+qdlFxwET5ME+OAAlYINz4IArUAV1gME9eATP4MV4MJ6MV+Nt0rpgTGd2wR8Y7z+pAJiy</latexit>

N(r) 
�r+1

2

�

Theorem (de Caen 00):                          .
<latexit sha1_base64="B+l6tC8nvRLJ1p6CRvzhCtkyUU8=">AAAB/nicbVDJSgNBEO2JW4xbVDx5aRKEBCHMBFGPg148aQSzQGYMPZ1K0qRnsbtHCEPAj/AHvHhQxKvf4S1/Y2c5aOKDgsd7VVTV8yLOpDLNkZFaWl5ZXUuvZzY2t7Z3srt7NRnGgkKVhjwUDY9I4CyAqmKKQyMSQHyPQ93rX479+iMIycLgTg0icH3SDViHUaK01MoeXBdEETtdeMDOjQ9dUhD35WIrmzdL5gR4kVgzkrdzzvHzyB5UWtlvpx3S2IdAUU6kbFpmpNyECMUoh2HGiSVEhPZJF5qaBsQH6SaT84f4SCtt3AmFrkDhifp7IiG+lAPf050+UT05743F/7xmrDrnbsKCKFYQ0OmiTsyxCvE4C9xmAqjiA00IFUzfimmPCEKVTiyjQ7DmX14ktXLJOi2d3Fp5+wJNkUaHKIcKyEJnyEZXqIKqiKIEvaA39G48Ga/Gh/E5bU0Zs5l99AfG1w/II5cU</latexit>

N(r) � ⌦(r2)



Theorem[Absolute bound] (Gerzon 73):                       .
What is known?

- tight in dimension 2,3, 7 and 23. No other cases of equality 
are known.

Question (Lemmens, Seidel 73):

Determine           , the maximum number of equiangular lines 
in      with common angle                , especially when 

                                

<latexit sha1_base64="clR0P7xWuqgWJV2TWxJOrjdsSFE="></latexit>

Rr
<latexit sha1_base64="gcJiVn/BBX78dDsAE2AcMlQUp/g="></latexit>

arccos(↵)

<latexit sha1_base64="8ZWlu8Ue4ATQN0LHzFSEVbgrwXg="></latexit>

N↵(r)

<latexit sha1_base64="MXkDC87RwuAPusvzaeP/wqLg0pk=">AAACAXicbVDLSsNAFJ34aq2vqBvBzWARKkJJiq9lwI0racE+oAllMp20QyeTODMRSogbf8WNC0Xc+hfu/AHxM5w+Ftp64MLhnHu59x4/ZlQqy/o0FhaXlldy+dXC2vrG5pa5vdOQUSIwqeOIRaLlI0kY5aSuqGKkFQuCQp+Rpj+4HPnNOyIkjfiNGsbEC1GP04BipLTUMfeuS+IIuozcQtenPApTcWxnaSXrmEWrbI0B54k9JUUH1r6/8rnTasf8cLsRTkLCFWZIyrZtxcpLkVAUM5IV3ESSGOEB6pG2phyFRHrp+IMMHmqlC4NI6OIKjtXfEykKpRyGvu4MkerLWW8k/ue1ExVceCnlcaIIx5NFQcKgiuAoDtilgmDFhpogLKi+FeI+EggrHVpBh2DPvjxPGpWyfVY+qdlFxwET5ME+OAAlYINz4IArUAV1gME9eATP4MV4MJ6MV+Nt0rpgTGd2wR8Y7z+pAJiy</latexit>

N(r) 
�r+1

2

�

<latexit sha1_base64="yiRK9UE3WfLsBRyY7Ff/scpq+Xg=">AAACB3icbVDLSsNAFJ3UR2t9RV0KMlgEF6Umaq0bIeDGZQv2AU0ok8mkHTp5MDMRSujOjb/ixoUibv0Fd/6A+BlO2i609cBcDufcy5173JhRIQ3jU8stLa+s5gtrxfWNza1tfWe3JaKEY9LEEYt4x0WCMBqSpqSSkU7MCQpcRtru8Drz23eECxqFt3IUEydA/ZD6FCOppJ5+YCMWDxC8gubJWVmValZqZWgzL5Kip5eMijEBXCTmjJQs2Pj+KuSr9Z7+YXsRTgISSsyQEF3TiKWTIi4pZmRctBNBYoSHqE+6ioYoIMJJJ3eM4ZFSPOhHXL1Qwon6eyJFgRCjwFWdAZIDMe9l4n9eN5H+pZPSME4kCfF0kZ8wKCOYhQI9ygmWbKQIwpyqv0I8QBxhqaIrqhDM+ZMXSeu0Yl5UzhtmybLAFAWwDw7BMTBBDVjgBtRBE2BwDx7BM3jRHrQn7VV7m7bmtNnMHvgD7f0HLjGYog==</latexit>

↵ = 1/3, 1/5, 1/7, . . .

Theorem (de Caen 00):                          .
<latexit sha1_base64="B+l6tC8nvRLJ1p6CRvzhCtkyUU8=">AAAB/nicbVDJSgNBEO2JW4xbVDx5aRKEBCHMBFGPg148aQSzQGYMPZ1K0qRnsbtHCEPAj/AHvHhQxKvf4S1/Y2c5aOKDgsd7VVTV8yLOpDLNkZFaWl5ZXUuvZzY2t7Z3srt7NRnGgkKVhjwUDY9I4CyAqmKKQyMSQHyPQ93rX479+iMIycLgTg0icH3SDViHUaK01MoeXBdEETtdeMDOjQ9dUhD35WIrmzdL5gR4kVgzkrdzzvHzyB5UWtlvpx3S2IdAUU6kbFpmpNyECMUoh2HGiSVEhPZJF5qaBsQH6SaT84f4SCtt3AmFrkDhifp7IiG+lAPf050+UT05743F/7xmrDrnbsKCKFYQ0OmiTsyxCvE4C9xmAqjiA00IFUzfimmPCEKVTiyjQ7DmX14ktXLJOi2d3Fp5+wJNkUaHKIcKyEJnyEZXqIKqiKIEvaA39G48Ga/Gh/E5bU0Zs5l99AfG1w/II5cU</latexit>

N(r) � ⌦(r2)



Theorem[Absolute bound] (Gerzon 73):                       .
What is known?

- tight in dimension 2,3, 7 and 23. No other cases of equality 
are known.

Question (Lemmens, Seidel 73):

Determine           , the maximum number of equiangular lines 
in      with common angle                , especially when 

                                

<latexit sha1_base64="clR0P7xWuqgWJV2TWxJOrjdsSFE="></latexit>

Rr
<latexit sha1_base64="gcJiVn/BBX78dDsAE2AcMlQUp/g="></latexit>

arccos(↵)

<latexit sha1_base64="8ZWlu8Ue4ATQN0LHzFSEVbgrwXg="></latexit>

N↵(r)

Theorem (Neumann 73): If                     then                        .

<latexit sha1_base64="MXkDC87RwuAPusvzaeP/wqLg0pk=">AAACAXicbVDLSsNAFJ34aq2vqBvBzWARKkJJiq9lwI0racE+oAllMp20QyeTODMRSogbf8WNC0Xc+hfu/AHxM5w+Ftp64MLhnHu59x4/ZlQqy/o0FhaXlldy+dXC2vrG5pa5vdOQUSIwqeOIRaLlI0kY5aSuqGKkFQuCQp+Rpj+4HPnNOyIkjfiNGsbEC1GP04BipLTUMfeuS+IIuozcQtenPApTcWxnaSXrmEWrbI0B54k9JUUH1r6/8rnTasf8cLsRTkLCFWZIyrZtxcpLkVAUM5IV3ESSGOEB6pG2phyFRHrp+IMMHmqlC4NI6OIKjtXfEykKpRyGvu4MkerLWW8k/ue1ExVceCnlcaIIx5NFQcKgiuAoDtilgmDFhpogLKi+FeI+EggrHVpBh2DPvjxPGpWyfVY+qdlFxwET5ME+OAAlYINz4IArUAV1gME9eATP4MV4MJ6MV+Nt0rpgTGd2wR8Y7z+pAJiy</latexit>

N(r) 
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2

�

<latexit sha1_base64="yiRK9UE3WfLsBRyY7Ff/scpq+Xg=">AAACB3icbVDLSsNAFJ3UR2t9RV0KMlgEF6Umaq0bIeDGZQv2AU0ok8mkHTp5MDMRSujOjb/ixoUibv0Fd/6A+BlO2i609cBcDufcy5173JhRIQ3jU8stLa+s5gtrxfWNza1tfWe3JaKEY9LEEYt4x0WCMBqSpqSSkU7MCQpcRtru8Drz23eECxqFt3IUEydA/ZD6FCOppJ5+YCMWDxC8gubJWVmValZqZWgzL5Kip5eMijEBXCTmjJQs2Pj+KuSr9Z7+YXsRTgISSsyQEF3TiKWTIi4pZmRctBNBYoSHqE+6ioYoIMJJJ3eM4ZFSPOhHXL1Qwon6eyJFgRCjwFWdAZIDMe9l4n9eN5H+pZPSME4kCfF0kZ8wKCOYhQI9ygmWbKQIwpyqv0I8QBxhqaIrqhDM+ZMXSeu0Yl5UzhtmybLAFAWwDw7BMTBBDVjgBtRBE2BwDx7BM3jRHrQn7VV7m7bmtNnMHvgD7f0HLjGYog==</latexit>

↵ = 1/3, 1/5, 1/7, . . .

Theorem (de Caen 00):                          .
<latexit sha1_base64="B+l6tC8nvRLJ1p6CRvzhCtkyUU8=">AAAB/nicbVDJSgNBEO2JW4xbVDx5aRKEBCHMBFGPg148aQSzQGYMPZ1K0qRnsbtHCEPAj/AHvHhQxKvf4S1/Y2c5aOKDgsd7VVTV8yLOpDLNkZFaWl5ZXUuvZzY2t7Z3srt7NRnGgkKVhjwUDY9I4CyAqmKKQyMSQHyPQ93rX479+iMIycLgTg0icH3SDViHUaK01MoeXBdEETtdeMDOjQ9dUhD35WIrmzdL5gR4kVgzkrdzzvHzyB5UWtlvpx3S2IdAUU6kbFpmpNyECMUoh2HGiSVEhPZJF5qaBsQH6SaT84f4SCtt3AmFrkDhifp7IiG+lAPf050+UT05743F/7xmrDrnbsKCKFYQ0OmiTsyxCvE4C9xmAqjiA00IFUzfimmPCEKVTiyjQ7DmX14ktXLJOi2d3Fp5+wJNkUaHKIcKyEJnyEZXqIKqiKIEvaA39G48Ga/Gh/E5bU0Zs5l99AfG1w/II5cU</latexit>

N(r) � ⌦(r2)

<latexit sha1_base64="oc3R8nh9Hjtvp9E0ToTfBA/I89I=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBahXkpSinqSghdPUsF+QBvCZrtpl242YXdTKKH/xIsHRbz6T7z5b9y2OWjrg4HHezPMzAsSzpR2nG+rsLG5tb1T3C3t7R8cHtnHJ20Vp5LQFol5LLsBVpQzQVuaaU67iaQ4CjjtBOO7ud+ZUKlYLJ70NKFehIeChYxgbSTfth/8PubJCFfkJbpFNenbZafqLIDWiZuTMuRo+vZXfxCTNKJCE46V6rlOor0MS80Ip7NSP1U0wWSMh7RnqMARVV62uHyGLowyQGEsTQmNFurviQxHSk2jwHRGWI/UqjcX//N6qQ5vvIyJJNVUkOWiMOVIx2geAxowSYnmU0MwkczcisgIS0y0CatkQnBXX14n7VrVvarWH+vlRiOPowhncA4VcOEaGnAPTWgBgQk8wyu8WZn1Yr1bH8vWgpXPnMIfWJ8/gAKSRg==</latexit>

N↵(r) > 2r
<latexit sha1_base64="1Ds26HySrb1iFtsvvTBvtjioxDw="></latexit>

1
2

�
1
↵ � 1

�
2 N



Theorem[Absolute bound] (Gerzon 73):                       .
What is known?

- tight in dimension 2,3, 7 and 23. No other cases of equality 
are known.

Question (Lemmens, Seidel 73):

Determine           , the maximum number of equiangular lines 
in      with common angle                , especially when 

                                

<latexit sha1_base64="clR0P7xWuqgWJV2TWxJOrjdsSFE="></latexit>

Rr
<latexit sha1_base64="gcJiVn/BBX78dDsAE2AcMlQUp/g="></latexit>

arccos(↵)

<latexit sha1_base64="8ZWlu8Ue4ATQN0LHzFSEVbgrwXg="></latexit>

N↵(r)

Theorem (Neumann 73): If                     then                        .

<latexit sha1_base64="MXkDC87RwuAPusvzaeP/wqLg0pk=">AAACAXicbVDLSsNAFJ34aq2vqBvBzWARKkJJiq9lwI0racE+oAllMp20QyeTODMRSogbf8WNC0Xc+hfu/AHxM5w+Ftp64MLhnHu59x4/ZlQqy/o0FhaXlldy+dXC2vrG5pa5vdOQUSIwqeOIRaLlI0kY5aSuqGKkFQuCQp+Rpj+4HPnNOyIkjfiNGsbEC1GP04BipLTUMfeuS+IIuozcQtenPApTcWxnaSXrmEWrbI0B54k9JUUH1r6/8rnTasf8cLsRTkLCFWZIyrZtxcpLkVAUM5IV3ESSGOEB6pG2phyFRHrp+IMMHmqlC4NI6OIKjtXfEykKpRyGvu4MkerLWW8k/ue1ExVceCnlcaIIx5NFQcKgiuAoDtilgmDFhpogLKi+FeI+EggrHVpBh2DPvjxPGpWyfVY+qdlFxwET5ME+OAAlYINz4IArUAV1gME9eATP4MV4MJ6MV+Nt0rpgTGd2wR8Y7z+pAJiy</latexit>

N(r) 
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<latexit sha1_base64="yiRK9UE3WfLsBRyY7Ff/scpq+Xg=">AAACB3icbVDLSsNAFJ3UR2t9RV0KMlgEF6Umaq0bIeDGZQv2AU0ok8mkHTp5MDMRSujOjb/ixoUibv0Fd/6A+BlO2i609cBcDufcy5173JhRIQ3jU8stLa+s5gtrxfWNza1tfWe3JaKEY9LEEYt4x0WCMBqSpqSSkU7MCQpcRtru8Drz23eECxqFt3IUEydA/ZD6FCOppJ5+YCMWDxC8gubJWVmValZqZWgzL5Kip5eMijEBXCTmjJQs2Pj+KuSr9Z7+YXsRTgISSsyQEF3TiKWTIi4pZmRctBNBYoSHqE+6ioYoIMJJJ3eM4ZFSPOhHXL1Qwon6eyJFgRCjwFWdAZIDMe9l4n9eN5H+pZPSME4kCfF0kZ8wKCOYhQI9ygmWbKQIwpyqv0I8QBxhqaIrqhDM+ZMXSeu0Yl5UzhtmybLAFAWwDw7BMTBBDVjgBtRBE2BwDx7BM3jRHrQn7VV7m7bmtNnMHvgD7f0HLjGYog==</latexit>

↵ = 1/3, 1/5, 1/7, . . .

Theorem (de Caen 00):                          .
<latexit sha1_base64="B+l6tC8nvRLJ1p6CRvzhCtkyUU8=">AAAB/nicbVDJSgNBEO2JW4xbVDx5aRKEBCHMBFGPg148aQSzQGYMPZ1K0qRnsbtHCEPAj/AHvHhQxKvf4S1/Y2c5aOKDgsd7VVTV8yLOpDLNkZFaWl5ZXUuvZzY2t7Z3srt7NRnGgkKVhjwUDY9I4CyAqmKKQyMSQHyPQ93rX479+iMIycLgTg0icH3SDViHUaK01MoeXBdEETtdeMDOjQ9dUhD35WIrmzdL5gR4kVgzkrdzzvHzyB5UWtlvpx3S2IdAUU6kbFpmpNyECMUoh2HGiSVEhPZJF5qaBsQH6SaT84f4SCtt3AmFrkDhifp7IiG+lAPf050+UT05743F/7xmrDrnbsKCKFYQ0OmiTsyxCvE4C9xmAqjiA00IFUzfimmPCEKVTiyjQ7DmX14ktXLJOi2d3Fp5+wJNkUaHKIcKyEJnyEZXqIKqiKIEvaA39G48Ga/Gh/E5bU0Zs5l99AfG1w/II5cU</latexit>

N(r) � ⌦(r2)

<latexit sha1_base64="oc3R8nh9Hjtvp9E0ToTfBA/I89I=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBahXkpSinqSghdPUsF+QBvCZrtpl242YXdTKKH/xIsHRbz6T7z5b9y2OWjrg4HHezPMzAsSzpR2nG+rsLG5tb1T3C3t7R8cHtnHJ20Vp5LQFol5LLsBVpQzQVuaaU67iaQ4CjjtBOO7ud+ZUKlYLJ70NKFehIeChYxgbSTfth/8PubJCFfkJbpFNenbZafqLIDWiZuTMuRo+vZXfxCTNKJCE46V6rlOor0MS80Ip7NSP1U0wWSMh7RnqMARVV62uHyGLowyQGEsTQmNFurviQxHSk2jwHRGWI/UqjcX//N6qQ5vvIyJJNVUkOWiMOVIx2geAxowSYnmU0MwkczcisgIS0y0CatkQnBXX14n7VrVvarWH+vlRiOPowhncA4VcOEaGnAPTWgBgQk8wyu8WZn1Yr1bH8vWgpXPnMIfWJ8/gAKSRg==</latexit>

N↵(r) > 2r
<latexit sha1_base64="1Ds26HySrb1iFtsvvTBvtjioxDw="></latexit>

1
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�
1
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�
2 N

Fact:                  . 
<latexit sha1_base64="RJcsS0igGX88s/TYukP50mk1svI=">AAAB+3icbVDJSgNBEO2JS2Lcxnj00hiEeAkz4nYc8OJJEjALJMPQ06lJmvQsdveIYcivePGgiFd/xJs/IH6GneWgiQ8KHu9VUVXPTziTyrI+jdzK6tp6vrBR3Nza3tk190pNGaeCQoPGPBZtn0jgLIKGYopDOxFAQp9Dyx9eTfzWPQjJ4uhWjRJwQ9KPWMAoUVryzNKN1yU8GZCKOMbdPtxh4Zllq2pNgZeJPSdlB9e/vwr5s5pnfnR7MU1DiBTlRMqObSXKzYhQjHIYF7uphITQIelDR9OIhCDdbHr7GB9ppYeDWOiKFJ6qvycyEko5Cn3dGRI1kIveRPzP66QquHQzFiWpgojOFgUpxyrGkyBwjwmgio80IVQwfSumAyIIVTquog7BXnx5mTRPqvZ59bRulx0HzVBAB+gQVZCNLpCDrlENNRBFD+gRPaMXY2w8Ga/G26w1Z8xn9tEfGO8/UGKWQw==</latexit>

N↵(r) � r



Theorem[Absolute bound] (Gerzon 73):                       .

Theorem[Relative Bound] (Lemmens, Seidel 73):                                
for all                      .

What is known?

<latexit sha1_base64="u7iLN1zXU8LpLxDPsj1klG2Hwyw="></latexit>

N↵(r)  r 1�↵2

1�r↵2

- tight in dimension 2,3, 7 and 23. No other cases of equality 
are known.

Question (Lemmens, Seidel 73):

Determine           , the maximum number of equiangular lines 
in      with common angle                , especially when 

                                

<latexit sha1_base64="clR0P7xWuqgWJV2TWxJOrjdsSFE="></latexit>

Rr
<latexit sha1_base64="gcJiVn/BBX78dDsAE2AcMlQUp/g="></latexit>

arccos(↵)

<latexit sha1_base64="8ZWlu8Ue4ATQN0LHzFSEVbgrwXg="></latexit>

N↵(r)

Theorem (Neumann 73): If                     then                        .

<latexit sha1_base64="MXkDC87RwuAPusvzaeP/wqLg0pk=">AAACAXicbVDLSsNAFJ34aq2vqBvBzWARKkJJiq9lwI0racE+oAllMp20QyeTODMRSogbf8WNC0Xc+hfu/AHxM5w+Ftp64MLhnHu59x4/ZlQqy/o0FhaXlldy+dXC2vrG5pa5vdOQUSIwqeOIRaLlI0kY5aSuqGKkFQuCQp+Rpj+4HPnNOyIkjfiNGsbEC1GP04BipLTUMfeuS+IIuozcQtenPApTcWxnaSXrmEWrbI0B54k9JUUH1r6/8rnTasf8cLsRTkLCFWZIyrZtxcpLkVAUM5IV3ESSGOEB6pG2phyFRHrp+IMMHmqlC4NI6OIKjtXfEykKpRyGvu4MkerLWW8k/ue1ExVceCnlcaIIx5NFQcKgiuAoDtilgmDFhpogLKi+FeI+EggrHVpBh2DPvjxPGpWyfVY+qdlFxwET5ME+OAAlYINz4IArUAV1gME9eATP4MV4MJ6MV+Nt0rpgTGd2wR8Y7z+pAJiy</latexit>

N(r) 
�r+1

2

�

<latexit sha1_base64="yiRK9UE3WfLsBRyY7Ff/scpq+Xg=">AAACB3icbVDLSsNAFJ3UR2t9RV0KMlgEF6Umaq0bIeDGZQv2AU0ok8mkHTp5MDMRSujOjb/ixoUibv0Fd/6A+BlO2i609cBcDufcy5173JhRIQ3jU8stLa+s5gtrxfWNza1tfWe3JaKEY9LEEYt4x0WCMBqSpqSSkU7MCQpcRtru8Drz23eECxqFt3IUEydA/ZD6FCOppJ5+YCMWDxC8gubJWVmValZqZWgzL5Kip5eMijEBXCTmjJQs2Pj+KuSr9Z7+YXsRTgISSsyQEF3TiKWTIi4pZmRctBNBYoSHqE+6ioYoIMJJJ3eM4ZFSPOhHXL1Qwon6eyJFgRCjwFWdAZIDMe9l4n9eN5H+pZPSME4kCfF0kZ8wKCOYhQI9ygmWbKQIwpyqv0I8QBxhqaIrqhDM+ZMXSeu0Yl5UzhtmybLAFAWwDw7BMTBBDVjgBtRBE2BwDx7BM3jRHrQn7VV7m7bmtNnMHvgD7f0HLjGYog==</latexit>

↵ = 1/3, 1/5, 1/7, . . .

<latexit sha1_base64="dLMoURF9KLmwgKYW0rJ+ZslFgmM=">AAAB/nicbVDJSgNBEO2JS2LcRsWTl8YgeDHOBLfjgBePCZgFMmOo6fQkjT2L3T1CGAL+ihcPinj1O7z5A+Jn2FkOmvig4PFeFVX1/IQzqSzr08gtLC4t5wsrxdW19Y1Nc2u7IeNUEFonMY9FywdJOYtoXTHFaSsRFEKf06Z/eznym/dUSBZH12qQUC+EXsQCRkBpqWPuCuxyeoftYxd40oebCj7ClY5ZssrWGHie2FNScnDt+6uQP612zA+3G5M0pJEiHKRs21aivAyEYoTTYdFNJU2A3EKPtjWNIKTSy8bnD/GBVro4iIWuSOGx+nsig1DKQejrzhBUX856I/E/r52q4MLLWJSkikZksihIOVYxHmWBu0xQovhAEyCC6Vsx6YMAonRiRR2CPfvyPGlUyvZZ+aRmlxwHTVBAe2gfHSIbnSMHXaEqqiOCMvSIntGL8WA8Ga/G26Q1Z0xndtAfGO8/BSSWhQ==</latexit>

r  1/↵2 � 2

Theorem (de Caen 00):                          .
<latexit sha1_base64="B+l6tC8nvRLJ1p6CRvzhCtkyUU8=">AAAB/nicbVDJSgNBEO2JW4xbVDx5aRKEBCHMBFGPg148aQSzQGYMPZ1K0qRnsbtHCEPAj/AHvHhQxKvf4S1/Y2c5aOKDgsd7VVTV8yLOpDLNkZFaWl5ZXUuvZzY2t7Z3srt7NRnGgkKVhjwUDY9I4CyAqmKKQyMSQHyPQ93rX479+iMIycLgTg0icH3SDViHUaK01MoeXBdEETtdeMDOjQ9dUhD35WIrmzdL5gR4kVgzkrdzzvHzyB5UWtlvpx3S2IdAUU6kbFpmpNyECMUoh2HGiSVEhPZJF5qaBsQH6SaT84f4SCtt3AmFrkDhifp7IiG+lAPf050+UT05743F/7xmrDrnbsKCKFYQ0OmiTsyxCvE4C9xmAqjiA00IFUzfimmPCEKVTiyjQ7DmX14ktXLJOi2d3Fp5+wJNkUaHKIcKyEJnyEZXqIKqiKIEvaA39G48Ga/Gh/E5bU0Zs5l99AfG1w/II5cU</latexit>

N(r) � ⌦(r2)

<latexit sha1_base64="oc3R8nh9Hjtvp9E0ToTfBA/I89I=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBahXkpSinqSghdPUsF+QBvCZrtpl242YXdTKKH/xIsHRbz6T7z5b9y2OWjrg4HHezPMzAsSzpR2nG+rsLG5tb1T3C3t7R8cHtnHJ20Vp5LQFol5LLsBVpQzQVuaaU67iaQ4CjjtBOO7ud+ZUKlYLJ70NKFehIeChYxgbSTfth/8PubJCFfkJbpFNenbZafqLIDWiZuTMuRo+vZXfxCTNKJCE46V6rlOor0MS80Ip7NSP1U0wWSMh7RnqMARVV62uHyGLowyQGEsTQmNFurviQxHSk2jwHRGWI/UqjcX//N6qQ5vvIyJJNVUkOWiMOVIx2geAxowSYnmU0MwkczcisgIS0y0CatkQnBXX14n7VrVvarWH+vlRiOPowhncA4VcOEaGnAPTWgBgQk8wyu8WZn1Yr1bH8vWgpXPnMIfWJ8/gAKSRg==</latexit>

N↵(r) > 2r
<latexit sha1_base64="1Ds26HySrb1iFtsvvTBvtjioxDw="></latexit>

1
2

�
1
↵ � 1

�
2 N

Fact:                  . 
<latexit sha1_base64="RJcsS0igGX88s/TYukP50mk1svI=">AAAB+3icbVDJSgNBEO2JS2Lcxnj00hiEeAkz4nYc8OJJEjALJMPQ06lJmvQsdveIYcivePGgiFd/xJs/IH6GneWgiQ8KHu9VUVXPTziTyrI+jdzK6tp6vrBR3Nza3tk190pNGaeCQoPGPBZtn0jgLIKGYopDOxFAQp9Dyx9eTfzWPQjJ4uhWjRJwQ9KPWMAoUVryzNKN1yU8GZCKOMbdPtxh4Zllq2pNgZeJPSdlB9e/vwr5s5pnfnR7MU1DiBTlRMqObSXKzYhQjHIYF7uphITQIelDR9OIhCDdbHr7GB9ppYeDWOiKFJ6qvycyEko5Cn3dGRI1kIveRPzP66QquHQzFiWpgojOFgUpxyrGkyBwjwmgio80IVQwfSumAyIIVTquog7BXnx5mTRPqvZ59bRulx0HzVBAB+gQVZCNLpCDrlENNRBFD+gRPaMXY2w8Ga/G26w1Z8xn9tEfGO8/UGKWQw==</latexit>

N↵(r) � r



Recent progress

Theorem (B., Dräxler, Keevash, Sudakov 17):                                 if    is 
exponentially large in          , with equality if and only if 

<latexit sha1_base64="HLy62ygk1zcJgWhNYJKYc+uQR/Q="></latexit>

N↵(r)  2r � 2
<latexit sha1_base64="M2aj8QDvh45WKuO5/0rOUB23uvs="></latexit>

↵ = 1/3.

<latexit sha1_base64="c3sUZeVAmMcZF8y/y3yTaBpRVp0=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAc9JmAWSIbQ06lJ2vT0DN09QhzyBF48KOLVB/ApfAJvHn0TO8tBE39o+Pj/Krqq/JgzpR3ny8osLC4tr2RXc2vrG5tb+e2dmooSSbFKIx7Jhk8Uciawqpnm2IglktDnWPf7l6O8fodSsUjc6EGMXki6ggWMEm2simznC07RGcueB3cKhYuP+++r97203M5/tjoRTUIUmnKiVNN1Yu2lRGpGOQ5zrURhTGifdLFpUJAQlZeOBx3ah8bp2EEkzRPaHru/O1ISKjUIfVMZEt1Ts9nI/C9rJjo491Im4kSjoJOPgoTbOrJHW9sdJpFqPjBAqGRmVpv2iCRUm9vkzBHc2ZXnoXZcdE+LJxW3UCrBRFnYhwM4AhfOoATXUIYqUEB4gCd4tm6tR+vFep2UZqxpzy78kfX2AxllkNw=</latexit>r
<latexit sha1_base64="W4rf6p5wHJLzcnvZa1ucaIP4sY8=">AAAB8XicbZDJSgNBEIZr4pIYt6hHL41B8BRngtsx4MVjAmbBJIaaTk/SpKdn6O4RQshbePGgiFffxpsvID6GneWgiT80fPx/FV1Vfiy4Nq776aRWVtfW05mN7ObW9s5ubm+/pqNEUValkYhUw0fNBJesargRrBErhqEvWN0fXE/y+gNTmkfy1gxj1g6xJ3nAKRpr3XmnLRRxH++LnVzeLbhTkWXw5pAvkcr3VyZ9Xu7kPlrdiCYhk4YK1LrpubFpj1AZTgUbZ1uJZjHSAfZY06LEkOn2aDrxmBxbp0uCSNknDZm6vztGGGo9DH1bGaLp68VsYv6XNRMTXLVHXMaJYZLOPgoSQUxEJuuTLleMGjG0gFRxOyuhfVRIjT1S1h7BW1x5GWrFgndROKt4+VIJZsrAIRzBCXhwCSW4gTJUgYKER3iGF0c7T86r8zYrTTnzngP4I+f9B01Tkvc=</latexit>

1/↵2



Recent progress

Theorem (B., Dräxler, Keevash, Sudakov 17):                                 if    is 
exponentially large in          , with equality if and only if 

<latexit sha1_base64="HLy62ygk1zcJgWhNYJKYc+uQR/Q="></latexit>

N↵(r)  2r � 2
<latexit sha1_base64="M2aj8QDvh45WKuO5/0rOUB23uvs="></latexit>

↵ = 1/3.

Theorem (Jiang, Tidor, Yao, Zhang, Zhao 19): Let      be the minimum 
number of vertices in a graph with spectral radius                 . If     

   is doubly exponentially large in          , then

<latexit sha1_base64="zcQR6i0FH5bUhhsuELjS/WojtbQ="></latexit>

k↵

<latexit sha1_base64="9OYQG735b1Cni5z1kHVS7+vXx9Y="></latexit>

N↵(r) =
j

r�1
1�1/k↵

k

<latexit sha1_base64="c3sUZeVAmMcZF8y/y3yTaBpRVp0=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAc9JmAWSIbQ06lJ2vT0DN09QhzyBF48KOLVB/ApfAJvHn0TO8tBE39o+Pj/Krqq/JgzpR3ny8osLC4tr2RXc2vrG5tb+e2dmooSSbFKIx7Jhk8Uciawqpnm2IglktDnWPf7l6O8fodSsUjc6EGMXki6ggWMEm2simznC07RGcueB3cKhYuP+++r97203M5/tjoRTUIUmnKiVNN1Yu2lRGpGOQ5zrURhTGifdLFpUJAQlZeOBx3ah8bp2EEkzRPaHru/O1ISKjUIfVMZEt1Ts9nI/C9rJjo491Im4kSjoJOPgoTbOrJHW9sdJpFqPjBAqGRmVpv2iCRUm9vkzBHc2ZXnoXZcdE+LJxW3UCrBRFnYhwM4AhfOoATXUIYqUEB4gCd4tm6tR+vFep2UZqxpzy78kfX2AxllkNw=</latexit>r
<latexit sha1_base64="W4rf6p5wHJLzcnvZa1ucaIP4sY8=">AAAB8XicbZDJSgNBEIZr4pIYt6hHL41B8BRngtsx4MVjAmbBJIaaTk/SpKdn6O4RQshbePGgiFffxpsvID6GneWgiT80fPx/FV1Vfiy4Nq776aRWVtfW05mN7ObW9s5ubm+/pqNEUValkYhUw0fNBJesargRrBErhqEvWN0fXE/y+gNTmkfy1gxj1g6xJ3nAKRpr3XmnLRRxH++LnVzeLbhTkWXw5pAvkcr3VyZ9Xu7kPlrdiCYhk4YK1LrpubFpj1AZTgUbZ1uJZjHSAfZY06LEkOn2aDrxmBxbp0uCSNknDZm6vztGGGo9DH1bGaLp68VsYv6XNRMTXLVHXMaJYZLOPgoSQUxEJuuTLleMGjG0gFRxOyuhfVRIjT1S1h7BW1x5GWrFgndROKt4+VIJZsrAIRzBCXhwCSW4gTJUgYKER3iGF0c7T86r8zYrTTnzngP4I+f9B01Tkvc=</latexit>

1/↵2

<latexit sha1_base64="c3sUZeVAmMcZF8y/y3yTaBpRVp0=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAc9JmAWSIbQ06lJ2vT0DN09QhzyBF48KOLVB/ApfAJvHn0TO8tBE39o+Pj/Krqq/JgzpR3ny8osLC4tr2RXc2vrG5tb+e2dmooSSbFKIx7Jhk8Uciawqpnm2IglktDnWPf7l6O8fodSsUjc6EGMXki6ggWMEm2simznC07RGcueB3cKhYuP+++r97203M5/tjoRTUIUmnKiVNN1Yu2lRGpGOQ5zrURhTGifdLFpUJAQlZeOBx3ah8bp2EEkzRPaHru/O1ISKjUIfVMZEt1Ts9nI/C9rJjo491Im4kSjoJOPgoTbOrJHW9sdJpFqPjBAqGRmVpv2iCRUm9vkzBHc2ZXnoXZcdE+LJxW3UCrBRFnYhwM4AhfOoATXUIYqUEB4gCd4tm6tR+vFep2UZqxpzy78kfX2AxllkNw=</latexit>r
<latexit sha1_base64="iJXpzKQpYfTIkPxjPCYAxksZgLE=">AAAB+nicbZDLSsNAFIZP6qW13lJduhksgquaiLdlwI3LFuwF2hAm00k7dHJhZqKU2Edx40IRtz6JO19AfAynTRfa+sPAx3/O4Zz5/YQzqSzr0yisrK6tF0sb5c2t7Z1ds7LXknEqCG2SmMei42NJOYtoUzHFaScRFIc+p21/dD2tt++okCyObtU4oW6IBxELGMFKW55ZGXk9zJMhRicoB8+sWjVrJrQM9hyqDmp8f5WK53XP/Oj1Y5KGNFKEYym7tpUoN8NCMcLppNxLJU0wGeEB7WqMcEilm81On6Aj7fRREAv9IoVm7u+JDIdSjkNfd4ZYDeVibWr+V+umKrhyMxYlqaIRyRcFKUcqRtMcUJ8JShQfa8BEMH0rIkMsMFE6rbIOwV788jK0Tmv2Re2sYVcdB3KV4AAO4RhsuAQHbqAOTSBwD4/wDC/Gg/FkvBpveWvBmM/swx8Z7z/15pYZ</latexit>

k↵/↵

<latexit sha1_base64="yJVT/4czpEERArdDWPH+gKp8pNo=">AAACFnicbVDJSgNBEO2JW4zbqEcvjUGJh4SZIOox4MVjAmaBTAg9nZ6kSc9Cd40Qhjn5CV78lHjxoIhX8ebf2FkQTXxQ8Hiviqp6biS4Asv6MjIrq2vrG9nN3Nb2zu6euX/QUGEsKavTUISy5RLFBA9YHTgI1ookI74rWNMdXk/85h2TiofBLYwi1vFJP+AepwS01DWLjicJTew0KaeOYB4UfgSHiGhAUlzENnYk7w/grGvmrZI1BV4m9pzkK6djfl9rjatd89PphTT2WQBUEKXathVBJyESOBUszTmxYhGhQ9JnbU0D4jPVSaZvpfhEKz3shVJXAHiq/p5IiK/UyHd1p09goBa9ifif147Bu+okPIhiYAGdLfJigSHEk4xwj0tGQYw0IVRyfSumA6JjAZ1kTodgL768TBrlkn1ROq/Z+UoFzZBFR+gYFZCNLlEF3aAqqiOKHtATekGvxqPxbLwZ77PWjDGfOUR/YHx8A98hojI=</latexit>

1
2

�
1
↵ � 1

�

.



Recent progress

Theorem (B., Dräxler, Keevash, Sudakov 17):                                 if    is 
exponentially large in          , with equality if and only if 

<latexit sha1_base64="HLy62ygk1zcJgWhNYJKYc+uQR/Q="></latexit>

N↵(r)  2r � 2
<latexit sha1_base64="M2aj8QDvh45WKuO5/0rOUB23uvs="></latexit>

↵ = 1/3.

Theorem (Jiang, Tidor, Yao, Zhang, Zhao 19): Let      be the minimum 
number of vertices in a graph with spectral radius                 . If     

   is doubly exponentially large in          , then

<latexit sha1_base64="zcQR6i0FH5bUhhsuELjS/WojtbQ="></latexit>

k↵

<latexit sha1_base64="9OYQG735b1Cni5z1kHVS7+vXx9Y="></latexit>

N↵(r) =
j

r�1
1�1/k↵

k

<latexit sha1_base64="c3sUZeVAmMcZF8y/y3yTaBpRVp0=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAc9JmAWSIbQ06lJ2vT0DN09QhzyBF48KOLVB/ApfAJvHn0TO8tBE39o+Pj/Krqq/JgzpR3ny8osLC4tr2RXc2vrG5tb+e2dmooSSbFKIx7Jhk8Uciawqpnm2IglktDnWPf7l6O8fodSsUjc6EGMXki6ggWMEm2simznC07RGcueB3cKhYuP+++r97203M5/tjoRTUIUmnKiVNN1Yu2lRGpGOQ5zrURhTGifdLFpUJAQlZeOBx3ah8bp2EEkzRPaHru/O1ISKjUIfVMZEt1Ts9nI/C9rJjo491Im4kSjoJOPgoTbOrJHW9sdJpFqPjBAqGRmVpv2iCRUm9vkzBHc2ZXnoXZcdE+LJxW3UCrBRFnYhwM4AhfOoATXUIYqUEB4gCd4tm6tR+vFep2UZqxpzy78kfX2AxllkNw=</latexit>r
<latexit sha1_base64="W4rf6p5wHJLzcnvZa1ucaIP4sY8=">AAAB8XicbZDJSgNBEIZr4pIYt6hHL41B8BRngtsx4MVjAmbBJIaaTk/SpKdn6O4RQshbePGgiFffxpsvID6GneWgiT80fPx/FV1Vfiy4Nq776aRWVtfW05mN7ObW9s5ubm+/pqNEUValkYhUw0fNBJesargRrBErhqEvWN0fXE/y+gNTmkfy1gxj1g6xJ3nAKRpr3XmnLRRxH++LnVzeLbhTkWXw5pAvkcr3VyZ9Xu7kPlrdiCYhk4YK1LrpubFpj1AZTgUbZ1uJZjHSAfZY06LEkOn2aDrxmBxbp0uCSNknDZm6vztGGGo9DH1bGaLp68VsYv6XNRMTXLVHXMaJYZLOPgoSQUxEJuuTLleMGjG0gFRxOyuhfVRIjT1S1h7BW1x5GWrFgndROKt4+VIJZsrAIRzBCXhwCSW4gTJUgYKER3iGF0c7T86r8zYrTTnzngP4I+f9B01Tkvc=</latexit>

1/↵2

<latexit sha1_base64="c3sUZeVAmMcZF8y/y3yTaBpRVp0=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAc9JmAWSIbQ06lJ2vT0DN09QhzyBF48KOLVB/ApfAJvHn0TO8tBE39o+Pj/Krqq/JgzpR3ny8osLC4tr2RXc2vrG5tb+e2dmooSSbFKIx7Jhk8Uciawqpnm2IglktDnWPf7l6O8fodSsUjc6EGMXki6ggWMEm2simznC07RGcueB3cKhYuP+++r97203M5/tjoRTUIUmnKiVNN1Yu2lRGpGOQ5zrURhTGifdLFpUJAQlZeOBx3ah8bp2EEkzRPaHru/O1ISKjUIfVMZEt1Ts9nI/C9rJjo491Im4kSjoJOPgoTbOrJHW9sdJpFqPjBAqGRmVpv2iCRUm9vkzBHc2ZXnoXZcdE+LJxW3UCrBRFnYhwM4AhfOoATXUIYqUEB4gCd4tm6tR+vFep2UZqxpzy78kfX2AxllkNw=</latexit>r
<latexit sha1_base64="iJXpzKQpYfTIkPxjPCYAxksZgLE=">AAAB+nicbZDLSsNAFIZP6qW13lJduhksgquaiLdlwI3LFuwF2hAm00k7dHJhZqKU2Edx40IRtz6JO19AfAynTRfa+sPAx3/O4Zz5/YQzqSzr0yisrK6tF0sb5c2t7Z1ds7LXknEqCG2SmMei42NJOYtoUzHFaScRFIc+p21/dD2tt++okCyObtU4oW6IBxELGMFKW55ZGXk9zJMhRicoB8+sWjVrJrQM9hyqDmp8f5WK53XP/Oj1Y5KGNFKEYym7tpUoN8NCMcLppNxLJU0wGeEB7WqMcEilm81On6Aj7fRREAv9IoVm7u+JDIdSjkNfd4ZYDeVibWr+V+umKrhyMxYlqaIRyRcFKUcqRtMcUJ8JShQfa8BEMH0rIkMsMFE6rbIOwV788jK0Tmv2Re2sYVcdB3KV4AAO4RhsuAQHbqAOTSBwD4/wDC/Gg/FkvBpveWvBmM/swx8Z7z/15pYZ</latexit>

k↵/↵

<latexit sha1_base64="yJVT/4czpEERArdDWPH+gKp8pNo=">AAACFnicbVDJSgNBEO2JW4zbqEcvjUGJh4SZIOox4MVjAmaBTAg9nZ6kSc9Cd40Qhjn5CV78lHjxoIhX8ebf2FkQTXxQ8Hiviqp6biS4Asv6MjIrq2vrG9nN3Nb2zu6euX/QUGEsKavTUISy5RLFBA9YHTgI1ookI74rWNMdXk/85h2TiofBLYwi1vFJP+AepwS01DWLjicJTew0KaeOYB4UfgSHiGhAUlzENnYk7w/grGvmrZI1BV4m9pzkK6djfl9rjatd89PphTT2WQBUEKXathVBJyESOBUszTmxYhGhQ9JnbU0D4jPVSaZvpfhEKz3shVJXAHiq/p5IiK/UyHd1p09goBa9ifif147Bu+okPIhiYAGdLfJigSHEk4xwj0tGQYw0IVRyfSumA6JjAZ1kTodgL768TBrlkn1ROq/Z+UoFzZBFR+gYFZCNLlEF3aAqqiOKHtATekGvxqPxbLwZ77PWjDGfOUR/YHx8A98hojI=</latexit>

1
2

�
1
↵ � 1

�

.

Theorem(B. 21-25):                                                        for             .
<latexit sha1_base64="8qb4ehiRUG9IPi8UhrxH+oNgj7g="></latexit>

N↵(r)  max
⇣�1/↵2�1

2

�
, 2r � (1+↵)2

8↵2

⌘
<latexit sha1_base64="NN4RgIOSLshqlGKWpstXrmzVifo=">AAAB+XicbVDLSsNAFJ3UR2t9RV26GSyCq5qIWpcBNy5bsA9oQplMb9qhk4czk0IJ/RM3LhRx65+48wfEz3DSdqGtBy4czrmXe+/xE86ksqxPo7C2vrFZLG2Vt3d29/bNg8OWjFNBoUljHouOTyRwFkFTMcWhkwggoc+h7Y9uc789BiFZHN2rSQJeSAYRCxglSks903QJT4YEuxwesH1eK/fMilW1ZsCrxF6QioMb31+l4lW9Z364/ZimIUSKciJl17YS5WVEKEY5TMtuKiEhdEQG0NU0IiFIL5tdPsWnWunjIBa6IoVn6u+JjIRSTkJfd4ZEDeWyl4v/ed1UBTdexqIkVRDR+aIg5VjFOI8B95kAqvhEE0IF07diOiSCUKXDykOwl19eJa2Lqn1dvWzYFcdBc5TQMTpBZ8hGNeSgO1RHTUTRGD2iZ/RiZMaT8Wq8zVsLxmLmCP2B8f4DHLGU8w==</latexit>

↵  1/7



Recent progress

Theorem (B., Dräxler, Keevash, Sudakov 17):                                 if    is 
exponentially large in          , with equality if and only if 

<latexit sha1_base64="HLy62ygk1zcJgWhNYJKYc+uQR/Q="></latexit>

N↵(r)  2r � 2
<latexit sha1_base64="M2aj8QDvh45WKuO5/0rOUB23uvs="></latexit>

↵ = 1/3.

Theorem (Jiang, Tidor, Yao, Zhang, Zhao 19): Let      be the minimum 
number of vertices in a graph with spectral radius                 . If     

   is doubly exponentially large in          , then

<latexit sha1_base64="zcQR6i0FH5bUhhsuELjS/WojtbQ="></latexit>

k↵

<latexit sha1_base64="9OYQG735b1Cni5z1kHVS7+vXx9Y="></latexit>

N↵(r) =
j

r�1
1�1/k↵

k

<latexit sha1_base64="c3sUZeVAmMcZF8y/y3yTaBpRVp0=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAc9JmAWSIbQ06lJ2vT0DN09QhzyBF48KOLVB/ApfAJvHn0TO8tBE39o+Pj/Krqq/JgzpR3ny8osLC4tr2RXc2vrG5tb+e2dmooSSbFKIx7Jhk8Uciawqpnm2IglktDnWPf7l6O8fodSsUjc6EGMXki6ggWMEm2simznC07RGcueB3cKhYuP+++r97203M5/tjoRTUIUmnKiVNN1Yu2lRGpGOQ5zrURhTGifdLFpUJAQlZeOBx3ah8bp2EEkzRPaHru/O1ISKjUIfVMZEt1Ts9nI/C9rJjo491Im4kSjoJOPgoTbOrJHW9sdJpFqPjBAqGRmVpv2iCRUm9vkzBHc2ZXnoXZcdE+LJxW3UCrBRFnYhwM4AhfOoATXUIYqUEB4gCd4tm6tR+vFep2UZqxpzy78kfX2AxllkNw=</latexit>r
<latexit sha1_base64="W4rf6p5wHJLzcnvZa1ucaIP4sY8=">AAAB8XicbZDJSgNBEIZr4pIYt6hHL41B8BRngtsx4MVjAmbBJIaaTk/SpKdn6O4RQshbePGgiFffxpsvID6GneWgiT80fPx/FV1Vfiy4Nq776aRWVtfW05mN7ObW9s5ubm+/pqNEUValkYhUw0fNBJesargRrBErhqEvWN0fXE/y+gNTmkfy1gxj1g6xJ3nAKRpr3XmnLRRxH++LnVzeLbhTkWXw5pAvkcr3VyZ9Xu7kPlrdiCYhk4YK1LrpubFpj1AZTgUbZ1uJZjHSAfZY06LEkOn2aDrxmBxbp0uCSNknDZm6vztGGGo9DH1bGaLp68VsYv6XNRMTXLVHXMaJYZLOPgoSQUxEJuuTLleMGjG0gFRxOyuhfVRIjT1S1h7BW1x5GWrFgndROKt4+VIJZsrAIRzBCXhwCSW4gTJUgYKER3iGF0c7T86r8zYrTTnzngP4I+f9B01Tkvc=</latexit>

1/↵2

<latexit sha1_base64="c3sUZeVAmMcZF8y/y3yTaBpRVp0=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAc9JmAWSIbQ06lJ2vT0DN09QhzyBF48KOLVB/ApfAJvHn0TO8tBE39o+Pj/Krqq/JgzpR3ny8osLC4tr2RXc2vrG5tb+e2dmooSSbFKIx7Jhk8Uciawqpnm2IglktDnWPf7l6O8fodSsUjc6EGMXki6ggWMEm2simznC07RGcueB3cKhYuP+++r97203M5/tjoRTUIUmnKiVNN1Yu2lRGpGOQ5zrURhTGifdLFpUJAQlZeOBx3ah8bp2EEkzRPaHru/O1ISKjUIfVMZEt1Ts9nI/C9rJjo491Im4kSjoJOPgoTbOrJHW9sdJpFqPjBAqGRmVpv2iCRUm9vkzBHc2ZXnoXZcdE+LJxW3UCrBRFnYhwM4AhfOoATXUIYqUEB4gCd4tm6tR+vFep2UZqxpzy78kfX2AxllkNw=</latexit>r
<latexit sha1_base64="iJXpzKQpYfTIkPxjPCYAxksZgLE=">AAAB+nicbZDLSsNAFIZP6qW13lJduhksgquaiLdlwI3LFuwF2hAm00k7dHJhZqKU2Edx40IRtz6JO19AfAynTRfa+sPAx3/O4Zz5/YQzqSzr0yisrK6tF0sb5c2t7Z1ds7LXknEqCG2SmMei42NJOYtoUzHFaScRFIc+p21/dD2tt++okCyObtU4oW6IBxELGMFKW55ZGXk9zJMhRicoB8+sWjVrJrQM9hyqDmp8f5WK53XP/Oj1Y5KGNFKEYym7tpUoN8NCMcLppNxLJU0wGeEB7WqMcEilm81On6Aj7fRREAv9IoVm7u+JDIdSjkNfd4ZYDeVibWr+V+umKrhyMxYlqaIRyRcFKUcqRtMcUJ8JShQfa8BEMH0rIkMsMFE6rbIOwV788jK0Tmv2Re2sYVcdB3KV4AAO4RhsuAQHbqAOTSBwD4/wDC/Gg/FkvBpveWvBmM/swx8Z7z/15pYZ</latexit>

k↵/↵

<latexit sha1_base64="yJVT/4czpEERArdDWPH+gKp8pNo=">AAACFnicbVDJSgNBEO2JW4zbqEcvjUGJh4SZIOox4MVjAmaBTAg9nZ6kSc9Cd40Qhjn5CV78lHjxoIhX8ebf2FkQTXxQ8Hiviqp6biS4Asv6MjIrq2vrG9nN3Nb2zu6euX/QUGEsKavTUISy5RLFBA9YHTgI1ookI74rWNMdXk/85h2TiofBLYwi1vFJP+AepwS01DWLjicJTew0KaeOYB4UfgSHiGhAUlzENnYk7w/grGvmrZI1BV4m9pzkK6djfl9rjatd89PphTT2WQBUEKXathVBJyESOBUszTmxYhGhQ9JnbU0D4jPVSaZvpfhEKz3shVJXAHiq/p5IiK/UyHd1p09goBa9ifif147Bu+okPIhiYAGdLfJigSHEk4xwj0tGQYw0IVRyfSumA6JjAZ1kTodgL768TBrlkn1ROq/Z+UoFzZBFR+gYFZCNLlEF3aAqqiOKHtATekGvxqPxbLwZ77PWjDGfOUR/YHx8A98hojI=</latexit>

1
2

�
1
↵ � 1

�

.

Theorem(B. 21-25):                                                        for             .
<latexit sha1_base64="8qb4ehiRUG9IPi8UhrxH+oNgj7g="></latexit>

N↵(r)  max
⇣�1/↵2�1

2

�
, 2r � (1+↵)2

8↵2

⌘
<latexit sha1_base64="NN4RgIOSLshqlGKWpstXrmzVifo=">AAAB+XicbVDLSsNAFJ3UR2t9RV26GSyCq5qIWpcBNy5bsA9oQplMb9qhk4czk0IJ/RM3LhRx65+48wfEz3DSdqGtBy4czrmXe+/xE86ksqxPo7C2vrFZLG2Vt3d29/bNg8OWjFNBoUljHouOTyRwFkFTMcWhkwggoc+h7Y9uc789BiFZHN2rSQJeSAYRCxglSks903QJT4YEuxwesH1eK/fMilW1ZsCrxF6QioMb31+l4lW9Z364/ZimIUSKciJl17YS5WVEKEY5TMtuKiEhdEQG0NU0IiFIL5tdPsWnWunjIBa6IoVn6u+JjIRSTkJfd4ZEDeWyl4v/ed1UBTdexqIkVRDR+aIg5VjFOI8B95kAqvhEE0IF07diOiSCUKXDykOwl19eJa2Lqn1dvWzYFcdBc5TQMTpBZ8hGNeSgO1RHTUTRGD2iZ/RiZMaT8Wq8zVsLxmLmCP2B8f4DHLGU8w==</latexit>

↵  1/7

Transition occurs roughly 
when

<latexit sha1_base64="DqtUBLhKwaxvTgKKahzef9q5Rw8="></latexit>

r ⇡ 1
4↵4



Recent progress

Theorem (B., Dräxler, Keevash, Sudakov 17):                                 if    is 
exponentially large in          , with equality if and only if 

<latexit sha1_base64="HLy62ygk1zcJgWhNYJKYc+uQR/Q="></latexit>

N↵(r)  2r � 2
<latexit sha1_base64="M2aj8QDvh45WKuO5/0rOUB23uvs="></latexit>

↵ = 1/3.

Theorem (Jiang, Tidor, Yao, Zhang, Zhao 19): Let      be the minimum 
number of vertices in a graph with spectral radius                 . If     

   is doubly exponentially large in          , then

<latexit sha1_base64="zcQR6i0FH5bUhhsuELjS/WojtbQ="></latexit>

k↵

<latexit sha1_base64="9OYQG735b1Cni5z1kHVS7+vXx9Y="></latexit>

N↵(r) =
j

r�1
1�1/k↵

k

<latexit sha1_base64="c3sUZeVAmMcZF8y/y3yTaBpRVp0=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAc9JmAWSIbQ06lJ2vT0DN09QhzyBF48KOLVB/ApfAJvHn0TO8tBE39o+Pj/Krqq/JgzpR3ny8osLC4tr2RXc2vrG5tb+e2dmooSSbFKIx7Jhk8Uciawqpnm2IglktDnWPf7l6O8fodSsUjc6EGMXki6ggWMEm2simznC07RGcueB3cKhYuP+++r97203M5/tjoRTUIUmnKiVNN1Yu2lRGpGOQ5zrURhTGifdLFpUJAQlZeOBx3ah8bp2EEkzRPaHru/O1ISKjUIfVMZEt1Ts9nI/C9rJjo491Im4kSjoJOPgoTbOrJHW9sdJpFqPjBAqGRmVpv2iCRUm9vkzBHc2ZXnoXZcdE+LJxW3UCrBRFnYhwM4AhfOoATXUIYqUEB4gCd4tm6tR+vFep2UZqxpzy78kfX2AxllkNw=</latexit>r
<latexit sha1_base64="W4rf6p5wHJLzcnvZa1ucaIP4sY8=">AAAB8XicbZDJSgNBEIZr4pIYt6hHL41B8BRngtsx4MVjAmbBJIaaTk/SpKdn6O4RQshbePGgiFffxpsvID6GneWgiT80fPx/FV1Vfiy4Nq776aRWVtfW05mN7ObW9s5ubm+/pqNEUValkYhUw0fNBJesargRrBErhqEvWN0fXE/y+gNTmkfy1gxj1g6xJ3nAKRpr3XmnLRRxH++LnVzeLbhTkWXw5pAvkcr3VyZ9Xu7kPlrdiCYhk4YK1LrpubFpj1AZTgUbZ1uJZjHSAfZY06LEkOn2aDrxmBxbp0uCSNknDZm6vztGGGo9DH1bGaLp68VsYv6XNRMTXLVHXMaJYZLOPgoSQUxEJuuTLleMGjG0gFRxOyuhfVRIjT1S1h7BW1x5GWrFgndROKt4+VIJZsrAIRzBCXhwCSW4gTJUgYKER3iGF0c7T86r8zYrTTnzngP4I+f9B01Tkvc=</latexit>

1/↵2

<latexit sha1_base64="c3sUZeVAmMcZF8y/y3yTaBpRVp0=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAc9JmAWSIbQ06lJ2vT0DN09QhzyBF48KOLVB/ApfAJvHn0TO8tBE39o+Pj/Krqq/JgzpR3ny8osLC4tr2RXc2vrG5tb+e2dmooSSbFKIx7Jhk8Uciawqpnm2IglktDnWPf7l6O8fodSsUjc6EGMXki6ggWMEm2simznC07RGcueB3cKhYuP+++r97203M5/tjoRTUIUmnKiVNN1Yu2lRGpGOQ5zrURhTGifdLFpUJAQlZeOBx3ah8bp2EEkzRPaHru/O1ISKjUIfVMZEt1Ts9nI/C9rJjo491Im4kSjoJOPgoTbOrJHW9sdJpFqPjBAqGRmVpv2iCRUm9vkzBHc2ZXnoXZcdE+LJxW3UCrBRFnYhwM4AhfOoATXUIYqUEB4gCd4tm6tR+vFep2UZqxpzy78kfX2AxllkNw=</latexit>r
<latexit sha1_base64="iJXpzKQpYfTIkPxjPCYAxksZgLE=">AAAB+nicbZDLSsNAFIZP6qW13lJduhksgquaiLdlwI3LFuwF2hAm00k7dHJhZqKU2Edx40IRtz6JO19AfAynTRfa+sPAx3/O4Zz5/YQzqSzr0yisrK6tF0sb5c2t7Z1ds7LXknEqCG2SmMei42NJOYtoUzHFaScRFIc+p21/dD2tt++okCyObtU4oW6IBxELGMFKW55ZGXk9zJMhRicoB8+sWjVrJrQM9hyqDmp8f5WK53XP/Oj1Y5KGNFKEYym7tpUoN8NCMcLppNxLJU0wGeEB7WqMcEilm81On6Aj7fRREAv9IoVm7u+JDIdSjkNfd4ZYDeVibWr+V+umKrhyMxYlqaIRyRcFKUcqRtMcUJ8JShQfa8BEMH0rIkMsMFE6rbIOwV788jK0Tmv2Re2sYVcdB3KV4AAO4RhsuAQHbqAOTSBwD4/wDC/Gg/FkvBpveWvBmM/swx8Z7z/15pYZ</latexit>

k↵/↵

<latexit sha1_base64="yJVT/4czpEERArdDWPH+gKp8pNo=">AAACFnicbVDJSgNBEO2JW4zbqEcvjUGJh4SZIOox4MVjAmaBTAg9nZ6kSc9Cd40Qhjn5CV78lHjxoIhX8ebf2FkQTXxQ8Hiviqp6biS4Asv6MjIrq2vrG9nN3Nb2zu6euX/QUGEsKavTUISy5RLFBA9YHTgI1ookI74rWNMdXk/85h2TiofBLYwi1vFJP+AepwS01DWLjicJTew0KaeOYB4UfgSHiGhAUlzENnYk7w/grGvmrZI1BV4m9pzkK6djfl9rjatd89PphTT2WQBUEKXathVBJyESOBUszTmxYhGhQ9JnbU0D4jPVSaZvpfhEKz3shVJXAHiq/p5IiK/UyHd1p09goBa9ifif147Bu+okPIhiYAGdLfJigSHEk4xwj0tGQYw0IVRyfSumA6JjAZ1kTodgL768TBrlkn1ROq/Z+UoFzZBFR+gYFZCNLlEF3aAqqiOKHtATekGvxqPxbLwZ77PWjDGfOUR/YHx8A98hojI=</latexit>

1
2

�
1
↵ � 1

�

.

Theorem(B. 21-25):                                                        for             .
<latexit sha1_base64="8qb4ehiRUG9IPi8UhrxH+oNgj7g="></latexit>

N↵(r)  max
⇣�1/↵2�1

2

�
, 2r � (1+↵)2

8↵2

⌘
<latexit sha1_base64="NN4RgIOSLshqlGKWpstXrmzVifo=">AAAB+XicbVDLSsNAFJ3UR2t9RV26GSyCq5qIWpcBNy5bsA9oQplMb9qhk4czk0IJ/RM3LhRx65+48wfEz3DSdqGtBy4czrmXe+/xE86ksqxPo7C2vrFZLG2Vt3d29/bNg8OWjFNBoUljHouOTyRwFkFTMcWhkwggoc+h7Y9uc789BiFZHN2rSQJeSAYRCxglSks903QJT4YEuxwesH1eK/fMilW1ZsCrxF6QioMb31+l4lW9Z364/ZimIUSKciJl17YS5WVEKEY5TMtuKiEhdEQG0NU0IiFIL5tdPsWnWunjIBa6IoVn6u+JjIRSTkJfd4ZEDeWyl4v/ed1UBTdexqIkVRDR+aIg5VjFOI8B95kAqvhEE0IF07diOiSCUKXDykOwl19eJa2Lqn1dvWzYFcdBc5TQMTpBZ8hGNeSgO1RHTUTRGD2iZ/RiZMaT8Wq8zVsLxmLmCP2B8f4DHLGU8w==</latexit>

↵  1/7

For                               , equality 
occurs if and only if the absolute 
bound is tight in dimension               

Transition occurs roughly 
when

<latexit sha1_base64="DqtUBLhKwaxvTgKKahzef9q5Rw8="></latexit>

r ⇡ 1
4↵4

<latexit sha1_base64="Ip9pWwFuFYah+gROmI9ghT7ONLU="></latexit>

1
↵2 � 2

<latexit sha1_base64="mYcc5E4V/Zx8ACNvEr8zjGUnpVo="></latexit>

1
↵2 � 2  r . 1

4↵4



Question: What happens when                             ?
<latexit sha1_base64="eScitVXp8WfWapyhIu/NHj7qTNo="></latexit>

1
4↵4 . r . 22

k↵/↵

Recent progress



Conjecture(B. 21-25):                                                        .
<latexit sha1_base64="jbyn32zHc2Nn5suIXQQUS6Jxqio="></latexit>

N↵(r)  max
⇣�1/↵2�1

2

�
,
j

r�1
1�1/k↵

k⌘

Question: What happens when                             ?
<latexit sha1_base64="eScitVXp8WfWapyhIu/NHj7qTNo="></latexit>

1
4↵4 . r . 22

k↵/↵

Recent progress



Conjecture(B. 21-25):                                                        .
<latexit sha1_base64="jbyn32zHc2Nn5suIXQQUS6Jxqio="></latexit>

N↵(r)  max
⇣�1/↵2�1

2

�
,
j

r�1
1�1/k↵

k⌘
always equality when 
this term is larger      

Question: What happens when                             ?
<latexit sha1_base64="eScitVXp8WfWapyhIu/NHj7qTNo="></latexit>

1
4↵4 . r . 22

k↵/↵

Recent progress



Conjecture(B. 21-25):                                                        .
<latexit sha1_base64="jbyn32zHc2Nn5suIXQQUS6Jxqio="></latexit>

N↵(r)  max
⇣�1/↵2�1

2

�
,
j

r�1
1�1/k↵

k⌘
always equality when 
this term is larger      

- verified for               by Lemmens and Seidel in 1973 and for

                by Cao, Koolen, Lin, and Yu in 2022 (building on the 
work of Neumaier)

<latexit sha1_base64="UeRMv9B/eCedO3lQ2v+WagtKvUM=">AAAB83icbVDJSgNBEO2JS2Lcoh69NAbBU5xxvwgBLx4TMAtkhlDT6Uma9PQ03T1CGPIbXjwo4tWf8eYPiJ9hZzlo9EHB470qquqFkjNtXPfDyS0tr6zmC2vF9Y3Nre3Szm5TJ6kitEESnqh2CJpyJmjDMMNpWyoKcchpKxzeTPzWPVWaJeLOjCQNYugLFjECxkq+D1wOAF9j7/i0Wyq7FXcK/Jd4c1Ku4vrXZyF/XuuW3v1eQtKYCkM4aN3xXGmCDJRhhNNx0U81lUCG0KcdSwXEVAfZ9OYxPrRKD0eJsiUMnqo/JzKItR7Foe2MwQz0ojcR//M6qYmugowJmRoqyGxRlHJsEjwJAPeYosTwkSVAFLO3YjIABcTYmIo2BG/x5b+keVLxLipnda9craIZCmgfHaAj5KFLVEW3qIYaiCCJHtATenZS59F5cV5nrTlnPrOHfsF5+wbQP5Mr</latexit>

↵ = 1/3
<latexit sha1_base64="HuPr8UZi/1ejeqc3Bqp08ing/e4=">AAAB83icbVDLSgNBEJyNj8T4inr0MhgET3FXjHoRFrx4TMA8ILuE3skkGTI7O8zMCmHJb3jxoIhXf8abPyB+hpPHQaMFDUVVN91dkeRMG9f9cHIrq2vr+cJGcXNre2e3tLff1EmqCG2QhCeqHYGmnAnaMMxw2paKQhxx2opGN1O/dU+VZom4M2NJwxgGgvUZAWOlIAAuh4CvsXda7ZbKbsWdAf8l3oKUfVz/+izkq7Vu6T3oJSSNqTCEg9Ydz5UmzEAZRjidFINUUwlkBAPasVRATHWYzW6e4GOr9HA/UbaEwTP150QGsdbjOLKdMZihXvam4n9eJzX9qzBjQqaGCjJf1E85NgmeBoB7TFFi+NgSIIrZWzEZggJibExFG4K3/PJf0jyreBeV87pX9n00RwEdoiN0gjx0iXx0i2qogQiS6AE9oWcndR6dF+d13ppzFjMH6Bect2/TR5Mt</latexit>

↵ = 1/5

Question: What happens when                             ?
<latexit sha1_base64="eScitVXp8WfWapyhIu/NHj7qTNo="></latexit>

1
4↵4 . r . 22

k↵/↵

Recent progress



Conjecture(B. 21-25):                                                        .
<latexit sha1_base64="jbyn32zHc2Nn5suIXQQUS6Jxqio="></latexit>

N↵(r)  max
⇣�1/↵2�1

2

�
,
j

r�1
1�1/k↵

k⌘
always equality when 
this term is larger      

- verified for               by Lemmens and Seidel in 1973 and for

                by Cao, Koolen, Lin, and Yu in 2022 (building on the 
work of Neumaier)

<latexit sha1_base64="UeRMv9B/eCedO3lQ2v+WagtKvUM=">AAAB83icbVDJSgNBEO2JS2Lcoh69NAbBU5xxvwgBLx4TMAtkhlDT6Uma9PQ03T1CGPIbXjwo4tWf8eYPiJ9hZzlo9EHB470qquqFkjNtXPfDyS0tr6zmC2vF9Y3Nre3Szm5TJ6kitEESnqh2CJpyJmjDMMNpWyoKcchpKxzeTPzWPVWaJeLOjCQNYugLFjECxkq+D1wOAF9j7/i0Wyq7FXcK/Jd4c1Ku4vrXZyF/XuuW3v1eQtKYCkM4aN3xXGmCDJRhhNNx0U81lUCG0KcdSwXEVAfZ9OYxPrRKD0eJsiUMnqo/JzKItR7Foe2MwQz0ojcR//M6qYmugowJmRoqyGxRlHJsEjwJAPeYosTwkSVAFLO3YjIABcTYmIo2BG/x5b+keVLxLipnda9craIZCmgfHaAj5KFLVEW3qIYaiCCJHtATenZS59F5cV5nrTlnPrOHfsF5+wbQP5Mr</latexit>

↵ = 1/3
<latexit sha1_base64="HuPr8UZi/1ejeqc3Bqp08ing/e4=">AAAB83icbVDLSgNBEJyNj8T4inr0MhgET3FXjHoRFrx4TMA8ILuE3skkGTI7O8zMCmHJb3jxoIhXf8abPyB+hpPHQaMFDUVVN91dkeRMG9f9cHIrq2vr+cJGcXNre2e3tLff1EmqCG2QhCeqHYGmnAnaMMxw2paKQhxx2opGN1O/dU+VZom4M2NJwxgGgvUZAWOlIAAuh4CvsXda7ZbKbsWdAf8l3oKUfVz/+izkq7Vu6T3oJSSNqTCEg9Ydz5UmzEAZRjidFINUUwlkBAPasVRATHWYzW6e4GOr9HA/UbaEwTP150QGsdbjOLKdMZihXvam4n9eJzX9qzBjQqaGCjJf1E85NgmeBoB7TFFi+NgSIIrZWzEZggJibExFG4K3/PJf0jyreBeV87pX9n00RwEdoiN0gjx0iXx0i2qogQiS6AE9oWcndR6dF+d13ppzFjMH6Bect2/TR5Mt</latexit>

↵ = 1/5

Theorem(B., Bucić 24): If            and                   , then <latexit sha1_base64="rQc8QOF76hAXVSNjN7qiJvNnLaw=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCq5JIUZcFNy4r2Ac0odxMJ83QySTMTJQair/ixoUibv0Pd/6N0zYLbT1w4XDOvdx7T5ByprTjfFulldW19Y3yZmVre2d3z94/aKskk4S2SMIT2Q1AUc4EbWmmOe2mkkIccNoJRtdTv3NPpWKJuNPjlPoxDAULGQFtpL595AFPI8CeZMNIg5TJA3b6dtWpOTPgZeIWpIoKNPv2lzdISBZToQkHpXquk2o/B6kZ4XRS8TJFUyAjGNKeoQJiqvx8dv0EnxplgMNEmhIaz9TfEznESo3jwHTGoCO16E3F/7xepsMrP2cizTQVZL4ozDjWCZ5GgQdMUqL52BAgkplbMYlAAtEmsIoJwV18eZm0z2vuRa1+W682GkUcZXSMTtAZctElaqAb1EQtRNAjekav6M16sl6sd+tj3lqyiplD9AfW5w8DUpTx</latexit>

↵ ! 0
<latexit sha1_base64="VrMdoy6CN7r/CKBwlFPWEL1BjEQ=">AAACBHicbVDJSgNBEO2JW4zbqMdcGoMQL3FGgnoMePEYwSyQiaGmU0ma9Cx29whhyMGLv+LFgyJe/Qhv/o2d5aCJDwoe71VRVc+PBVfacb6tzMrq2vpGdjO3tb2zu2fvH9RVlEiGNRaJSDZ9UCh4iDXNtcBmLBECX2DDH15N/MYDSsWj8FaPYmwH0A95jzPQRurYeUm9Pt5T99QDEQ/gLvWiAPtQdE/GHbvglJwp6DJx56RA5qh27C+vG7EkwFAzAUq1XCfW7RSk5kzgOOclCmNgQ+hjy9AQAlTtdPrEmB4bpUt7kTQVajpVf0+kECg1CnzTGYAeqEVvIv7ntRLdu2ynPIwTjSGbLeolguqIThKhXS6RaTEyBJjk5lbKBiCBaZNbzoTgLr68TOpnJfe8VL4pFyqVeRxZkidHpEhcckEq5JpUSY0w8kieySt5s56sF+vd+pi1Zqz5zCH5A+vzB/qalwo=</latexit>

r � 1/↵!(1)

<latexit sha1_base64="0Q05K5YSn4JoVib0pqxzP9bwBJc=">AAACAXicbVDLSsNAFJ34rPUVdSO4GSxCihASKepGKLhxJRXsA9oQJtNJO3QyE2YmQil146+4caGIW//CnX/jtM1CWw9cOJxzL/feE6WMKu1539bS8srq2npho7i5tb2za+/tN5TIJCZ1LJiQrQgpwigndU01I61UEpREjDSjwfXEbz4Qqajg93qYkiBBPU5jipE2Umgf3oYdxNI+cmQZXkHHPxWOXy5LN7RLnutNAReJn5MSyFEL7a9OV+AsIVxjhpRq+16qgxGSmmJGxsVOpkiK8AD1SNtQjhKigtH0gzE8MUoXxkKa4hpO1d8TI5QoNUwi05kg3Vfz3kT8z2tnOr4MRpSnmSYczxbFGYNawEkcsEslwZoNDUFYUnMrxH0kEdYmtKIJwZ9/eZE0zlz/3K3cVUrVah5HARyBY+AAH1yAKrgBNVAHGDyCZ/AK3qwn68V6tz5mrUtWPnMA/sD6/AFBJ5Qv</latexit>

N↵(r) = (1 + o(1))r.

Question: What happens when                             ?
<latexit sha1_base64="eScitVXp8WfWapyhIu/NHj7qTNo="></latexit>

1
4↵4 . r . 22

k↵/↵

Recent progress



Conjecture(B. 21-25):                                                        .
<latexit sha1_base64="jbyn32zHc2Nn5suIXQQUS6Jxqio="></latexit>

N↵(r)  max
⇣�1/↵2�1

2

�
,
j

r�1
1�1/k↵

k⌘
always equality when 
this term is larger      

Theorem(B., Bucić 24): For any positive integer   , if                   
then

<latexit sha1_base64="VuWd1j9ijuHICrpsg2btt9AbQ2I=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAc9JmAWSIbQ06lJ2vT0DN09QhzyBF48KOLVB/ApfAJvHn0TO8tBE39o+Pj/Krqq/JgzpR3ny8osLC4tr2RXc2vrG5tb+e2dmooSSbFKIx7Jhk8Uciawqpnm2IglktDnWPf7l6O8fodSsUjc6EGMXki6ggWMEm2sSr+dLzhFZyx7HtwpFC4+7r+v3vfScjv/2epENAlRaMqJUk3XibWXEqkZ5TjMtRKFMaF90sWmQUFCVF46HnRoHxqnYweRNE9oe+z+7khJqNQg9E1lSHRPzWYj87+smejg3EuZiBONgk4+ChJu68gebW13mESq+cAAoZKZWW3aI5JQbW6TM0dwZ1eeh9px0T0tnlTcQqkEE2VhHw7gCFw4gxJcQxmqQAHhAZ7g2bq1Hq0X63VSmrGmPbvwR9bbDw7JkNU=</latexit>

k
<latexit sha1_base64="uSTK0w0Y5j9udMTVH+pE59ijK4c="></latexit>

N 1
2k�1

(r) =

�
r � 1

1� 1/k

⌫
.

- verified for               by Lemmens and Seidel in 1973 and for

                by Cao, Koolen, Lin, and Yu in 2022 (building on the 
work of Neumaier)

<latexit sha1_base64="UeRMv9B/eCedO3lQ2v+WagtKvUM=">AAAB83icbVDJSgNBEO2JS2Lcoh69NAbBU5xxvwgBLx4TMAtkhlDT6Uma9PQ03T1CGPIbXjwo4tWf8eYPiJ9hZzlo9EHB470qquqFkjNtXPfDyS0tr6zmC2vF9Y3Nre3Szm5TJ6kitEESnqh2CJpyJmjDMMNpWyoKcchpKxzeTPzWPVWaJeLOjCQNYugLFjECxkq+D1wOAF9j7/i0Wyq7FXcK/Jd4c1Ku4vrXZyF/XuuW3v1eQtKYCkM4aN3xXGmCDJRhhNNx0U81lUCG0KcdSwXEVAfZ9OYxPrRKD0eJsiUMnqo/JzKItR7Foe2MwQz0ojcR//M6qYmugowJmRoqyGxRlHJsEjwJAPeYosTwkSVAFLO3YjIABcTYmIo2BG/x5b+keVLxLipnda9craIZCmgfHaAj5KFLVEW3qIYaiCCJHtATenZS59F5cV5nrTlnPrOHfsF5+wbQP5Mr</latexit>

↵ = 1/3
<latexit sha1_base64="HuPr8UZi/1ejeqc3Bqp08ing/e4=">AAAB83icbVDLSgNBEJyNj8T4inr0MhgET3FXjHoRFrx4TMA8ILuE3skkGTI7O8zMCmHJb3jxoIhXf8abPyB+hpPHQaMFDUVVN91dkeRMG9f9cHIrq2vr+cJGcXNre2e3tLff1EmqCG2QhCeqHYGmnAnaMMxw2paKQhxx2opGN1O/dU+VZom4M2NJwxgGgvUZAWOlIAAuh4CvsXda7ZbKbsWdAf8l3oKUfVz/+izkq7Vu6T3oJSSNqTCEg9Ydz5UmzEAZRjidFINUUwlkBAPasVRATHWYzW6e4GOr9HA/UbaEwTP150QGsdbjOLKdMZihXvam4n9eJzX9qzBjQqaGCjJf1E85NgmeBoB7TFFi+NgSIIrZWzEZggJibExFG4K3/PJf0jyreBeV87pX9n00RwEdoiN0gjx0iXx0i2qogQiS6AE9oWcndR6dF+d13ppzFjMH6Bect2/TR5Mt</latexit>

↵ = 1/5

Theorem(B., Bucić 24): If            and                   , then <latexit sha1_base64="rQc8QOF76hAXVSNjN7qiJvNnLaw=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCq5JIUZcFNy4r2Ac0odxMJ83QySTMTJQair/ixoUibv0Pd/6N0zYLbT1w4XDOvdx7T5ByprTjfFulldW19Y3yZmVre2d3z94/aKskk4S2SMIT2Q1AUc4EbWmmOe2mkkIccNoJRtdTv3NPpWKJuNPjlPoxDAULGQFtpL595AFPI8CeZMNIg5TJA3b6dtWpOTPgZeIWpIoKNPv2lzdISBZToQkHpXquk2o/B6kZ4XRS8TJFUyAjGNKeoQJiqvx8dv0EnxplgMNEmhIaz9TfEznESo3jwHTGoCO16E3F/7xepsMrP2cizTQVZL4ozDjWCZ5GgQdMUqL52BAgkplbMYlAAtEmsIoJwV18eZm0z2vuRa1+W682GkUcZXSMTtAZctElaqAb1EQtRNAjekav6M16sl6sd+tj3lqyiplD9AfW5w8DUpTx</latexit>

↵ ! 0
<latexit sha1_base64="VrMdoy6CN7r/CKBwlFPWEL1BjEQ=">AAACBHicbVDJSgNBEO2JW4zbqMdcGoMQL3FGgnoMePEYwSyQiaGmU0ma9Cx29whhyMGLv+LFgyJe/Qhv/o2d5aCJDwoe71VRVc+PBVfacb6tzMrq2vpGdjO3tb2zu2fvH9RVlEiGNRaJSDZ9UCh4iDXNtcBmLBECX2DDH15N/MYDSsWj8FaPYmwH0A95jzPQRurYeUm9Pt5T99QDEQ/gLvWiAPtQdE/GHbvglJwp6DJx56RA5qh27C+vG7EkwFAzAUq1XCfW7RSk5kzgOOclCmNgQ+hjy9AQAlTtdPrEmB4bpUt7kTQVajpVf0+kECg1CnzTGYAeqEVvIv7ntRLdu2ynPIwTjSGbLeolguqIThKhXS6RaTEyBJjk5lbKBiCBaZNbzoTgLr68TOpnJfe8VL4pFyqVeRxZkidHpEhcckEq5JpUSY0w8kieySt5s56sF+vd+pi1Zqz5zCH5A+vzB/qalwo=</latexit>

r � 1/↵!(1)

<latexit sha1_base64="0Q05K5YSn4JoVib0pqxzP9bwBJc=">AAACAXicbVDLSsNAFJ34rPUVdSO4GSxCihASKepGKLhxJRXsA9oQJtNJO3QyE2YmQil146+4caGIW//CnX/jtM1CWw9cOJxzL/feE6WMKu1539bS8srq2npho7i5tb2za+/tN5TIJCZ1LJiQrQgpwigndU01I61UEpREjDSjwfXEbz4Qqajg93qYkiBBPU5jipE2Umgf3oYdxNI+cmQZXkHHPxWOXy5LN7RLnutNAReJn5MSyFEL7a9OV+AsIVxjhpRq+16qgxGSmmJGxsVOpkiK8AD1SNtQjhKigtH0gzE8MUoXxkKa4hpO1d8TI5QoNUwi05kg3Vfz3kT8z2tnOr4MRpSnmSYczxbFGYNawEkcsEslwZoNDUFYUnMrxH0kEdYmtKIJwZ9/eZE0zlz/3K3cVUrVah5HARyBY+AAH1yAKrgBNVAHGDyCZ/AK3qwn68V6tz5mrUtWPnMA/sD6/AFBJ5Qv</latexit>

N↵(r) = (1 + o(1))r.

Question: What happens when                             ?

<latexit sha1_base64="WkTeXnRUFjbg8Xq1zLAQFtdwbW0=">AAACAnicbVDJSgNBEO2JWxaXMZ7ES2MQIkiYCaIeB7x4M6JZIBs9ncqkSc9id48QhuDFX/HiQRGv/oPgzb+xk3jQxAcFj/eqqKrnRpxJZVlfRmppeWV1LZ3J5tY3NrfM7XxNhrGgUKUhD0XDJRI4C6CqmOLQiAQQ3+VQd4fnE79+B0KyMLhRowjaPvEC1meUKC11zV2BWx7c4nInaV364JHisJOUrfHhuGsWrJI1BV4k9g8pOPncdSVz9FHpmp+tXkhjHwJFOZGyaVuRaidEKEY5jLOtWEJE6JB40NQ0ID7IdjJ9YYwPtNLD/VDoChSeqr8nEuJLOfJd3ekTNZDz3kT8z2vGqn/WTlgQxQoCOlvUjzlWIZ7kgXtMAFV8pAmhgulbMR0QQajSqWV1CPb8y4ukVi7ZJ6XjK7vgOGiGNNpD+6iIbHSKHHSBKqiKKLpHj+gZvRgPxpPxarzNWlPGz8wO+gPj/Rsxxpg5</latexit>

r � 2⌦(k20)

<latexit sha1_base64="eScitVXp8WfWapyhIu/NHj7qTNo="></latexit>

1
4↵4 . r . 22

k↵/↵

Recent progress



<latexit sha1_base64="9e27XmTwAtEgZWlMb1z2mz18D6g="></latexit>

r 1�↵2

1�↵2r

Recent progress

<latexit sha1_base64="xjMI+e3GuY7GarG/qYs5eeJ9gx8=">AAAB6nicdVDLSsNAFJ34rPFVdelmsAiuQlJLExdi0Y3LivYBbSiT6aQdOpmEmYlQQj/BjQtFXOq/uHcj/o2TVkFFD1w4nHMv99wbJIxKZdvvxtz8wuLScmHFXF1b39gsbm03ZZwKTBo4ZrFoB0gSRjlpKKoYaSeCoChgpBWMznK/dU2EpDG/UuOE+BEacBpSjJSWLsvC7BVLtuUdukdVF9pW2S27biUnnuc5DnQse4rSyYt5nDy9mfVe8bXbj3EaEa4wQ1J2HDtRfoaEopiRidlNJUkQHqEB6WjKUUSkn02jTuC+VvowjIUuruBU/T6RoUjKcRTozgipofzt5eJfXidVoednlCepIhzPFoUpgyqG+d2wTwXBio01QVhQnRXiIRIIK/2d/Alfl8L/SbNsOVWrcuGUaqdghgLYBXvgADjABTVwDuqgATAYgBtwB+4NZtwaD8bjrHXO+JzZAT9gPH8AcmWQ7g==</latexit>

2r

<latexit sha1_base64="pJrBv4UFZDWBwpMc0hLQvb2BpEc=">AAAB/3icbVC7SgNBFL0bXzG+VoU0NoNBsTHsBlHLgI1lBPOA7BpmJ7PJkNkHM7NCWLfwV2wsFLH1E8TOzp/wB2ycPAqNHrhwOOde7r3HizmTyrI+jNzc/MLiUn65sLK6tr5hbm41ZJQIQusk4pFoeVhSzkJaV0xx2ooFxYHHadMbnI385jUVkkXhpRrG1A1wL2Q+I1hpqWMWHV9gktpZ6mAe9/FVJUOHqNIxS1bZGgP9JfaUlKr75PXz7atY65jvTjciSUBDRTiWsm1bsXJTLBQjnGYFJ5E0xmSAe7StaYgDKt10fH+G9rTSRX4kdIUKjdWfEykOpBwGnu4MsOrLWW8k/ue1E+WfuikL40TRkEwW+QlHKkKjMFCXCUoUH2qCiWD6VkT6WAeidGQFHYI9+/Jf0qiU7ePy0YVdqlZhgjzswC4cgA0nUIVzqEEdCNzAHTzAo3Fr3BtPxvOkNWdMZ7bhF4yXb4atmZE=</latexit>

1
↵2 � 2

<latexit sha1_base64="tRgwgUpumnduvlNihC27Pmv9GCo="></latexit>

1+↵
1�↵ (r � 1)

<latexit sha1_base64="bFpbXdIVee+NbN5xH8h5yCX26bs=">AAAB9XicbVDJSgNBEK2JW4xbXG5eGoPgKc4EUW8GctBjBLNAMgk9nZ6kSU/P0N2jxCH/4cWDIh71J/wCbx79EzvLQRMfFDzeq6KqnhdxprRtf1mphcWl5ZX0amZtfWNzK7u9U1VhLAmtkJCHsu5hRTkTtKKZ5rQeSYoDj9Oa1y+N/NotlYqF4kYPIuoGuCuYzwjWRmoVWolz3MQ86uFWadjO5uy8PQaaJ86U5C4+7r8v3/aScjv72eyEJA6o0IRjpRqOHWk3wVIzwukw04wVjTDp4y5tGCpwQJWbjK8eokOjdJAfSlNCo7H6eyLBgVKDwDOdAdY9NeuNxP+8Rqz9czdhIoo1FWSyyI850iEaRYA6TFKi+cAQTCQztyLSwxITbYLKmBCc2ZfnSbWQd07zJ9dOrliECdKwDwdwBA6cQRGuoAwVICDhAZ7g2bqzHq0X63XSmrKmM7vwB9b7D98+ldc=</latexit>

21/↵
C

<latexit sha1_base64="m1xffnBbzppw/9Cdmbm8o4CCIRI="></latexit>

1

↵!(1)

z}|{

<latexit sha1_base64="5DyeCvFOrm1mdKcerBrd5PNI0WE=">AAACAnicbVDLSsNAFJ20Pmp9RV2Jm9EiCGJJiqgbIeDGZQX7gCaUyXTSDp1MwsxEKCG60U9x40IRV4JrP8Cdf+P0sdDWAxcO59zLvff4MaNSWda3kcvPzS8sFpaKyyura+vmxmZdRonApIYjFommjyRhlJOaooqRZiwICn1GGn7/Yug3boiQNOLXahATL0RdTgOKkdJS29x2EYt7CJ5DNxAIp3aWVvrwCNpZ2yxZZWsEOEvsCSk5h++7+YfP22rb/HI7EU5CwhVmSMqWbcXKS5FQFDOSFd1EkhjhPuqSlqYchUR66eiFDO5rpQODSOjiCo7U3xMpCqUchL7uDJHqyWlvKP7ntRIVnHkp5XGiCMfjRUHCoIrgMA/YoYJgxQaaICyovhXiHtJRKJ1aUYdgT788S+qVsn1SPr6yS44DxiiAHbAHDoANToEDLkEV1AAGd+ARPIMX4954Ml6Nt3FrzpjMbIE/MD5+ABadmO0=</latexit>

↵ = 1
2k�1

<latexit sha1_base64="rQE/Z0cLaTpot8bd+9HWf+03VfY=">AAAB+XicbVC7SgNBFL0bXzG+1kdnMxgEq7AronYGbKwkgnlAsoTZyWwyZHZ2mZkNhCVfYWtjoYitf2JnYW9nZ+1skkITDwwczrmXe+b4MWdKO867lVtYXFpeya8W1tY3Nrfs7Z2aihJJaJVEPJINHyvKmaBVzTSnjVhSHPqc1v3+ZebXB1QqFolbPYypF+KuYAEjWBupbdt91GICtUKse76fXo/adtEpOWOgeeJOSfHi++5zr/L1UWnbb61ORJKQCk04VqrpOrH2Uiw1I5yOCq1E0RiTPu7SpqECh1R56Tj5CB0apYOCSJonNBqrvzdSHCo1DH0zmSVUs14m/uc1Ex2ceykTcaKpIJNDQcKRjlBWA+owSYnmQ0MwkcxkRaSHJSbalFUwJbizX54nteOSe1o6uXGL5TJMkId9OIAjcOEMynAFFagCgQHcwyM8Wan1YD1bL5PRnDXd2YU/sF5/AIlAmB0=</latexit>

k 2 N

<latexit sha1_base64="c3sUZeVAmMcZF8y/y3yTaBpRVp0=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAc9JmAWSIbQ06lJ2vT0DN09QhzyBF48KOLVB/ApfAJvHn0TO8tBE39o+Pj/Krqq/JgzpR3ny8osLC4tr2RXc2vrG5tb+e2dmooSSbFKIx7Jhk8Uciawqpnm2IglktDnWPf7l6O8fodSsUjc6EGMXki6ggWMEm2simznC07RGcueB3cKhYuP+++r97203M5/tjoRTUIUmnKiVNN1Yu2lRGpGOQ5zrURhTGifdLFpUJAQlZeOBx3ah8bp2EEkzRPaHru/O1ISKjUIfVMZEt1Ts9nI/C9rJjo491Im4kSjoJOPgoTbOrJHW9sdJpFqPjBAqGRmVpv2iCRUm9vkzBHc2ZXnoXZcdE+LJxW3UCrBRFnYhwM4AhfOoATXUIYqUEB4gCd4tm6tR+vFep2UZqxpzy78kfX2AxllkNw=</latexit>r

<latexit sha1_base64="PRV+4DQxgac726p5OfJLbsZe4js=">AAACDHicbVDLSgMxFM34rPVVdSlIsAi6KTMi6koKblxJBVuFtpRMemuDmSQkd8Qy9APcuNefcONCEbd+gDv/xrR14etA4HDOudzcExspHIbhRzA2PjE5NZ2byc/OzS8sFpaWa06nlkOVa6ntecwcSKGgigIlnBsLLIklnMWXhwP/7AqsE1qdYs9AM2EXSnQEZ+ilVqHYQLjGrGoMWBrrVLUd1Yr26XGrwaTpsk275VNhKRyC/iXRFymW1+4GuK+0Cu+NtuZpAgq5ZM7Vo9BgM2MWBZfQzzdSB4bxS3YBdU8VS8A1s+ExfbrhlTbtaOufQjpUv09kLHGul8Q+mTDsut/eQPzPq6fY2W9mQpkUQfHRok4qKWo6aIa2hQWOsucJ41b4v1LeZZZx9P3lfQnR75P/ktp2Kdot7ZxExfIBGSFHVsk62SQR2SNlckQqpEo4uSEP5Ik8B7fBY/ASvI6iY8HXzAr5geDtE1FLnt8=</latexit>

Upper bounds on N↵(r)

<latexit sha1_base64="ib27xcFJBaPzhQfg+W0tvUCGZSA="></latexit>✓
1 +⇥

✓
1

log1�o(1)
1/↵

(r)

◆◆
r

<latexit sha1_base64="RDJcCvDR1z4SX8OBUpe1oLaKNmE=">AAAB/HicbVDLSsNAFJ34rPUVLbhxM1gUVyWRoi4DblxWsA9oYrmZTtqhkwczEyGE+ituXCji1n8Qd+78CX/AjdPHQlsPXDiccy/33uMnnEllWZ/GwuLS8spqYa24vrG5tW3u7DZknApC6yTmsWj5IClnEa0rpjhtJYJC6HPa9AcXI795S4VkcXStsoR6IfQiFjACSksds+QGAkhuD/OqCzzpw0112DHLVsUaA88Te0rKzhF5+3r/3qt1zA+3G5M0pJEiHKRs21aivByEYoTTYdFNJU2ADKBH25pGEFLp5ePjh/hQK10cxEJXpPBY/T2RQyhlFvq6MwTVl7PeSPzPa6cqOPdyFiWpohGZLApSjlWMR0ngLhOUKJ5pAkQwfSsmfdBpKJ1XUYdgz748TxonFfu0Ur2yy46DJiigfXSAjpGNzpCDLlEN1RFBGbpHj+jJuDMejGfjZdK6YExnSugPjNcfYGuZCg==</latexit>

1
4↵4

<latexit sha1_base64="Io7GQD90mH8Zqg/bgwr9xiMXCqo="></latexit>�1/↵2�1
2

�



Given a family of     equiangular lines in       with common 
angle                , we can pick a unit vector along each line to 
get vectors                 satisfying                       for all         .

Connection to spectral graph theory
<latexit sha1_base64="cHzqUcq0sObHYsWpadeV78L772I=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAc9JmAWSIbQ06lJ2vT0DN09QhzyBF48KOLVB/ApfAJvHn0TO8tBE39o+Pj/Krqq/JgzpR3ny8osLC4tr2RXc2vrG5tb+e2dmooSSbFKIx7Jhk8Uciawqpnm2IglktDnWPf7l6O8fodSsUjc6EGMXki6ggWMEm2simjnC07RGcueB3cKhYuP+++r97203M5/tjoRTUIUmnKiVNN1Yu2lRGpGOQ5zrURhTGifdLFpUJAQlZeOBx3ah8bp2EEkzRPaHru/O1ISKjUIfVMZEt1Ts9nI/C9rJjo491Im4kSjoJOPgoTbOrJHW9sdJpFqPjBAqGRmVpv2iCRUm9vkzBHc2ZXnoXZcdE+LJxWnUCrBRFnYhwM4AhfOoATXUIYqUEB4gCd4tm6tR+vFep2UZqxpzy78kfX2AxMFkNc=</latexit>n

<latexit sha1_base64="t0YGGeDfsmNrg7irNU/oLBRGm5E=">AAAB9HicbVDLTgIxFL2DL8QXPnZuGomJKzJjjLqTxIUu0cgjgZF0SgcaOp2x7ZDghO9w40Jj3PIVfoE7l/6JHWCh4EmanJxzb+7p8SLOlLbtLyuzsLi0vJJdza2tb2xu5bd3qiqMJaEVEvJQ1j2sKGeCVjTTnNYjSXHgcVrzepepX+tTqVgo7vQgom6AO4L5jGBtJLcZYN31vOR2eC9zrXzBLtpjoHniTEnh4uPx+2q0l5Rb+c9mOyRxQIUmHCvVcOxIuwmWmhFOh7lmrGiESQ93aMNQgQOq3GQceogOjdJGfijNExqN1d8bCQ6UGgSemUxDqlkvFf/zGrH2z92EiSjWVJDJIT/mSIcobQC1maRE84EhmEhmsiLSxRITbXpKS3BmvzxPqsdF57R4cuMUSiWYIAv7cABH4MAZlOAaylABAg/wBC/wavWtZ+vNep+MZqzpzi78gTX6AcBsldA=</latexit>

Rr

<latexit sha1_base64="gcJiVn/BBX78dDsAE2AcMlQUp/g="></latexit>

arccos(↵)
<latexit sha1_base64="GEd8wMH3GbMun1FmNjfNd0gjH+s=">AAAB+XicbVDLSsNAFJ34rPUVdSUuHCyCi1ISEXUZcOOygn1AG8JkMmmHTmbCzCRQQtf+hBsXirj1T7rzO/wBp4+Fth64cDjnXu69J0wZVdpxvqyV1bX1jc3SVnl7Z3dv3z44bCqRSUwaWDAh2yFShFFOGppqRtqpJCgJGWmFg7uJ38qJVFTwRz1MiZ+gHqcxxUgbKbDtPHCrsMsioVUV5oGRKk7NmQIuE3dOKt7xUyDGp9/1wB53I4GzhHCNGVKq4zqp9gskNcWMjMrdTJEU4QHqkY6hHCVE+cX08hE8N0oEYyFNcQ2n6u+JAiVKDZPQdCZI99WiNxH/8zqZjm/9gvI004Tj2aI4Y1ALOIkBRlQSrNnQEIQlNbdC3EcSYW3CKpsQ3MWXl0nzsuZe164e3IrngRlK4AScgQvgghvggXtQBw2AQQ6ewSt4swrrxXq3PmatK9Z85gj8gfX5A/CTlkQ=</latexit>v1, . . . , vn

<latexit sha1_base64="3RVhott5a/wj14v3Fvw2uRyAnxY=">AAACDnicbVC7SgNBFJ2Nrxhfq5aCDAkBCwm7ImojBGwsI5gHZJdwdzKbjM7OLjOzgRBSWdr4C36CjYUittZ2foqdk0ehiQfu5XDOvczcEyScKe04X1ZmYXFpeSW7mltb39jcsrd3aipOJaFVEvNYNgJQlDNBq5ppThuJpBAFnNaD24uRX+9RqVgsrnU/oX4EHcFCRkAbqWUXPQ6iwynutdihaTfYkxPhHHtJhD3gSRdadsEpOWPgeeJOSaGcf7z73m/HlZb96bVjkkZUaMJBqabrJNofgNSMcDrMeamiCZBb6NCmoQIiqvzB+JwhLhqljcNYmhIaj9XfGwOIlOpHgZmMQHfVrDcS//OaqQ7P/AETSaqpIJOHwpRjHeNRNrjNJCWa9w0BIpn5KyZdkEC0STBnQnBnT54ntaOSe1I6vnIL5TKaIIv2UB4dIBedojK6RBVURQTdoyf0gl6tB+vZerPeJ6MZa7qzi/7A+vgB91qedg==</latexit>

hvi, vji = ±↵
<latexit sha1_base64="tuVKveCJjmJqMVUs1UOznD8SnhM=">AAAB73icbZDLSgMxFIYzXmu9VV2JC4NFcFVmRNTlgBuXFewF2qFk0jNtbCaZJhmhDF27d+NCEbe+Tnc+hy9gello6w+Bj/8/h5xzwoQzbVz3y1laXlldW89t5De3tnd2C3v7VS1TRaFCJZeqHhINnAmoGGY41BMFJA451MLezTivPYLSTIp7M0ggiElHsIhRYqxVZ7gpoI8fWoWiW3InwovgzaDoHz615Oj4u9wqjJptSdMYhKGcaN3w3MQEGVGGUQ7DfDPVkBDaIx1oWBQkBh1kk3mH+NQ6bRxJZZ8weOL+7shIrPUgDm1lTExXz2dj87+skZroOsiYSFIDgk4/ilKOjcTj5XGbKaCGDywQqpidFdMuUYQae6K8PYI3v/IiVM9L3mXp4s4r+j6aKoeO0Ak6Qx66Qj66RWVUQRRx9Ixe0ZvTd16cd+djWrrkzHoO0B85nz8gWJMT</latexit>

i 6= j



Given a family of     equiangular lines in       with common 
angle                , we can pick a unit vector along each line to 
get vectors                 satisfying                       for all         .

Connection to spectral graph theory
<latexit sha1_base64="cHzqUcq0sObHYsWpadeV78L772I=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAc9JmAWSIbQ06lJ2vT0DN09QhzyBF48KOLVB/ApfAJvHn0TO8tBE39o+Pj/Krqq/JgzpR3ny8osLC4tr2RXc2vrG5tb+e2dmooSSbFKIx7Jhk8Uciawqpnm2IglktDnWPf7l6O8fodSsUjc6EGMXki6ggWMEm2simjnC07RGcueB3cKhYuP+++r97203M5/tjoRTUIUmnKiVNN1Yu2lRGpGOQ5zrURhTGifdLFpUJAQlZeOBx3ah8bp2EEkzRPaHru/O1ISKjUIfVMZEt1Ts9nI/C9rJjo491Im4kSjoJOPgoTbOrJHW9sdJpFqPjBAqGRmVpv2iCRUm9vkzBHc2ZXnoXZcdE+LJxWnUCrBRFnYhwM4AhfOoATXUIYqUEB4gCd4tm6tR+vFep2UZqxpzy78kfX2AxMFkNc=</latexit>n

<latexit sha1_base64="t0YGGeDfsmNrg7irNU/oLBRGm5E=">AAAB9HicbVDLTgIxFL2DL8QXPnZuGomJKzJjjLqTxIUu0cgjgZF0SgcaOp2x7ZDghO9w40Jj3PIVfoE7l/6JHWCh4EmanJxzb+7p8SLOlLbtLyuzsLi0vJJdza2tb2xu5bd3qiqMJaEVEvJQ1j2sKGeCVjTTnNYjSXHgcVrzepepX+tTqVgo7vQgom6AO4L5jGBtJLcZYN31vOR2eC9zrXzBLtpjoHniTEnh4uPx+2q0l5Rb+c9mOyRxQIUmHCvVcOxIuwmWmhFOh7lmrGiESQ93aMNQgQOq3GQceogOjdJGfijNExqN1d8bCQ6UGgSemUxDqlkvFf/zGrH2z92EiSjWVJDJIT/mSIcobQC1maRE84EhmEhmsiLSxRITbXpKS3BmvzxPqsdF57R4cuMUSiWYIAv7cABH4MAZlOAaylABAg/wBC/wavWtZ+vNep+MZqzpzi78gTX6AcBsldA=</latexit>

Rr

<latexit sha1_base64="gcJiVn/BBX78dDsAE2AcMlQUp/g="></latexit>

arccos(↵)
<latexit sha1_base64="GEd8wMH3GbMun1FmNjfNd0gjH+s=">AAAB+XicbVDLSsNAFJ34rPUVdSUuHCyCi1ISEXUZcOOygn1AG8JkMmmHTmbCzCRQQtf+hBsXirj1T7rzO/wBp4+Fth64cDjnXu69J0wZVdpxvqyV1bX1jc3SVnl7Z3dv3z44bCqRSUwaWDAh2yFShFFOGppqRtqpJCgJGWmFg7uJ38qJVFTwRz1MiZ+gHqcxxUgbKbDtPHCrsMsioVUV5oGRKk7NmQIuE3dOKt7xUyDGp9/1wB53I4GzhHCNGVKq4zqp9gskNcWMjMrdTJEU4QHqkY6hHCVE+cX08hE8N0oEYyFNcQ2n6u+JAiVKDZPQdCZI99WiNxH/8zqZjm/9gvI004Tj2aI4Y1ALOIkBRlQSrNnQEIQlNbdC3EcSYW3CKpsQ3MWXl0nzsuZe164e3IrngRlK4AScgQvgghvggXtQBw2AQQ6ewSt4swrrxXq3PmatK9Z85gj8gfX5A/CTlkQ=</latexit>v1, . . . , vn

<latexit sha1_base64="3RVhott5a/wj14v3Fvw2uRyAnxY=">AAACDnicbVC7SgNBFJ2Nrxhfq5aCDAkBCwm7ImojBGwsI5gHZJdwdzKbjM7OLjOzgRBSWdr4C36CjYUittZ2foqdk0ehiQfu5XDOvczcEyScKe04X1ZmYXFpeSW7mltb39jcsrd3aipOJaFVEvNYNgJQlDNBq5ppThuJpBAFnNaD24uRX+9RqVgsrnU/oX4EHcFCRkAbqWUXPQ6iwynutdihaTfYkxPhHHtJhD3gSRdadsEpOWPgeeJOSaGcf7z73m/HlZb96bVjkkZUaMJBqabrJNofgNSMcDrMeamiCZBb6NCmoQIiqvzB+JwhLhqljcNYmhIaj9XfGwOIlOpHgZmMQHfVrDcS//OaqQ7P/AETSaqpIJOHwpRjHeNRNrjNJCWa9w0BIpn5KyZdkEC0STBnQnBnT54ntaOSe1I6vnIL5TKaIIv2UB4dIBedojK6RBVURQTdoyf0gl6tB+vZerPeJ6MZa7qzi/7A+vgB91qedg==</latexit>

hvi, vji = ±↵

The Gram matrix       of these vectors, defined by                       ,

is           , positive semidefinite, and has rank at most   .

<latexit sha1_base64="ri4fWNOlsLvY5EKiO9ajIPohY8I=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAe9CAmYBZIh9HRqktaenqG7R4hDnsCLB0W8+gA+hU/gzaNvYmc5aOIPDR//X0VXlR9zprTjfFmZufmFxaXscm5ldW19I7+5VVNRIilWacQj2fCJQs4EVjXTHBuxRBL6HOv+7fkwr9+hVCwS17ofoxeSrmABo0Qbq3LVzhecojOSPQvuBApnH/ffF+87abmd/2x1IpqEKDTlRKmm68TaS4nUjHIc5FqJwpjQW9LFpkFBQlReOhp0YO8bp2MHkTRPaHvk/u5ISahUP/RNZUh0T01nQ/O/rJno4NRLmYgTjYKOPwoSbuvIHm5td5hEqnnfAKGSmVlt2iOSUG1ukzNHcKdXnoXaYdE9Lh5V3EKpBGNlYRf24ABcOIESXEIZqkAB4QGe4Nm6sR6tF+t1XJqxJj3b8EfW2w/hQpC3</latexit>

M

<latexit sha1_base64="tuVKveCJjmJqMVUs1UOznD8SnhM=">AAAB73icbZDLSgMxFIYzXmu9VV2JC4NFcFVmRNTlgBuXFewF2qFk0jNtbCaZJhmhDF27d+NCEbe+Tnc+hy9gello6w+Bj/8/h5xzwoQzbVz3y1laXlldW89t5De3tnd2C3v7VS1TRaFCJZeqHhINnAmoGGY41BMFJA451MLezTivPYLSTIp7M0ggiElHsIhRYqxVZ7gpoI8fWoWiW3InwovgzaDoHz615Oj4u9wqjJptSdMYhKGcaN3w3MQEGVGGUQ7DfDPVkBDaIx1oWBQkBh1kk3mH+NQ6bRxJZZ8weOL+7shIrPUgDm1lTExXz2dj87+skZroOsiYSFIDgk4/ilKOjcTj5XGbKaCGDywQqpidFdMuUYQae6K8PYI3v/IiVM9L3mXp4s4r+j6aKoeO0Ak6Qx66Qj66RWVUQRRx9Ixe0ZvTd16cd+djWrrkzHoO0B85nz8gWJMT</latexit>

i 6= j

<latexit sha1_base64="hDGm576xzxTpxBhHxOYfutVW3ZQ=">AAACC3icbVDLSgMxFM34rPU16lKQ0CK4KGVGRN0IBTduhAr2AZ0yZNK0TZtJhiRTKENXbtz4Ef6AGxeKuPUH3Pkp7kynXWjrgXs5nHMvyT1BxKjSjvNlLSwuLa+sZtay6xubW9v2zm5ViVhiUsGCCVkPkCKMclLRVDNSjyRBYcBILehfjv3agEhFBb/Vw4g0Q9ThtE0x0kby7dy1n9BCbwQvoMcQ7zACBz4tmNaDnkwF3847RScFnCfulORLuce774OWKPv2p9cSOA4J15ghpRquE+lmgqSmmJFR1osViRDuow5pGMpRSFQzSW8ZwUOjtGBbSFNcw1T9vZGgUKlhGJjJEOmumvXG4n9eI9bt82ZCeRRrwvHkoXbMoBZwHAxsUUmwZkNDEJbU/BXiLpIIaxNf1oTgzp48T6rHRfe0eHLj5kslMEEG7IMcOAIuOAMlcAXKoAIwuAdP4AW8Wg/Ws/VmvU9GF6zpzh74A+vjB7OEnUA=</latexit>

Mi,j = hvi, vji
<latexit sha1_base64="koOTnM8dVTXTdgxpDAcbLkr+OMA=">AAAB8XicbVA9SwNBEJ2LJsb4FbW0WQyCVbgTUcuAjWUE84HJEfY2m2TJ3t6xOyeEI62/wEZQEVv9NXb+EHs3H4UmPhh4vDfDm5kglsKg6345mZXVbG4tv17Y2Nza3inu7tVNlGjGayySkW4G1HApFK+hQMmbseY0DCRvBMPLid+449qISN3gKOZ+SPtK9ASjaKVbRdooQm6I6hRLbtmdgiwTb05KldzTt/q4z1Y7xc92N2JJyBUySY1peW6Mfko1Cib5uNBODI8pG9I+b1mqqI3x0+nGY3JklS7pRdqWQjJVf0+kNDRmFAa2M6Q4MIveRPzPayXYu/BToeIEuWKzoF4iCUZkcj7pCs0ZypEllGlhdyVsQDVlaJ9UsE/wFk9eJvWTsndWPr32SpUKzJCHAziEY/DgHCpwBVWoAQMFD/AML45xHp1X523WmnHmM/vwB877D7Q+k/g=</latexit>n⇥ n <latexit sha1_base64="c3sUZeVAmMcZF8y/y3yTaBpRVp0=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAc9JmAWSIbQ06lJ2vT0DN09QhzyBF48KOLVB/ApfAJvHn0TO8tBE39o+Pj/Krqq/JgzpR3ny8osLC4tr2RXc2vrG5tb+e2dmooSSbFKIx7Jhk8Uciawqpnm2IglktDnWPf7l6O8fodSsUjc6EGMXki6ggWMEm2simznC07RGcueB3cKhYuP+++r97203M5/tjoRTUIUmnKiVNN1Yu2lRGpGOQ5zrURhTGifdLFpUJAQlZeOBx3ah8bp2EEkzRPaHru/O1ISKjUIfVMZEt1Ts9nI/C9rJjo491Im4kSjoJOPgoTbOrJHW9sdJpFqPjBAqGRmVpv2iCRUm9vkzBHc2ZXnoXZcdE+LJxW3UCrBRFnYhwM4AhfOoATXUIYqUEB4gCd4tm6tR+vFep2UZqxpzy78kfX2AxllkNw=</latexit>r



Given a family of     equiangular lines in       with common 
angle                , we can pick a unit vector along each line to 
get vectors                 satisfying                       for all         .

Connection to spectral graph theory
<latexit sha1_base64="cHzqUcq0sObHYsWpadeV78L772I=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAc9JmAWSIbQ06lJ2vT0DN09QhzyBF48KOLVB/ApfAJvHn0TO8tBE39o+Pj/Krqq/JgzpR3ny8osLC4tr2RXc2vrG5tb+e2dmooSSbFKIx7Jhk8Uciawqpnm2IglktDnWPf7l6O8fodSsUjc6EGMXki6ggWMEm2simjnC07RGcueB3cKhYuP+++r97203M5/tjoRTUIUmnKiVNN1Yu2lRGpGOQ5zrURhTGifdLFpUJAQlZeOBx3ah8bp2EEkzRPaHru/O1ISKjUIfVMZEt1Ts9nI/C9rJjo491Im4kSjoJOPgoTbOrJHW9sdJpFqPjBAqGRmVpv2iCRUm9vkzBHc2ZXnoXZcdE+LJxWnUCrBRFnYhwM4AhfOoATXUIYqUEB4gCd4tm6tR+vFep2UZqxpzy78kfX2AxMFkNc=</latexit>n

<latexit sha1_base64="t0YGGeDfsmNrg7irNU/oLBRGm5E=">AAAB9HicbVDLTgIxFL2DL8QXPnZuGomJKzJjjLqTxIUu0cgjgZF0SgcaOp2x7ZDghO9w40Jj3PIVfoE7l/6JHWCh4EmanJxzb+7p8SLOlLbtLyuzsLi0vJJdza2tb2xu5bd3qiqMJaEVEvJQ1j2sKGeCVjTTnNYjSXHgcVrzepepX+tTqVgo7vQgom6AO4L5jGBtJLcZYN31vOR2eC9zrXzBLtpjoHniTEnh4uPx+2q0l5Rb+c9mOyRxQIUmHCvVcOxIuwmWmhFOh7lmrGiESQ93aMNQgQOq3GQceogOjdJGfijNExqN1d8bCQ6UGgSemUxDqlkvFf/zGrH2z92EiSjWVJDJIT/mSIcobQC1maRE84EhmEhmsiLSxRITbXpKS3BmvzxPqsdF57R4cuMUSiWYIAv7cABH4MAZlOAaylABAg/wBC/wavWtZ+vNep+MZqzpzi78gTX6AcBsldA=</latexit>

Rr

<latexit sha1_base64="gcJiVn/BBX78dDsAE2AcMlQUp/g="></latexit>

arccos(↵)
<latexit sha1_base64="GEd8wMH3GbMun1FmNjfNd0gjH+s=">AAAB+XicbVDLSsNAFJ34rPUVdSUuHCyCi1ISEXUZcOOygn1AG8JkMmmHTmbCzCRQQtf+hBsXirj1T7rzO/wBp4+Fth64cDjnXu69J0wZVdpxvqyV1bX1jc3SVnl7Z3dv3z44bCqRSUwaWDAh2yFShFFOGppqRtqpJCgJGWmFg7uJ38qJVFTwRz1MiZ+gHqcxxUgbKbDtPHCrsMsioVUV5oGRKk7NmQIuE3dOKt7xUyDGp9/1wB53I4GzhHCNGVKq4zqp9gskNcWMjMrdTJEU4QHqkY6hHCVE+cX08hE8N0oEYyFNcQ2n6u+JAiVKDZPQdCZI99WiNxH/8zqZjm/9gvI004Tj2aI4Y1ALOIkBRlQSrNnQEIQlNbdC3EcSYW3CKpsQ3MWXl0nzsuZe164e3IrngRlK4AScgQvgghvggXtQBw2AQQ6ewSt4swrrxXq3PmatK9Z85gj8gfX5A/CTlkQ=</latexit>v1, . . . , vn

<latexit sha1_base64="3RVhott5a/wj14v3Fvw2uRyAnxY=">AAACDnicbVC7SgNBFJ2Nrxhfq5aCDAkBCwm7ImojBGwsI5gHZJdwdzKbjM7OLjOzgRBSWdr4C36CjYUittZ2foqdk0ehiQfu5XDOvczcEyScKe04X1ZmYXFpeSW7mltb39jcsrd3aipOJaFVEvNYNgJQlDNBq5ppThuJpBAFnNaD24uRX+9RqVgsrnU/oX4EHcFCRkAbqWUXPQ6iwynutdihaTfYkxPhHHtJhD3gSRdadsEpOWPgeeJOSaGcf7z73m/HlZb96bVjkkZUaMJBqabrJNofgNSMcDrMeamiCZBb6NCmoQIiqvzB+JwhLhqljcNYmhIaj9XfGwOIlOpHgZmMQHfVrDcS//OaqQ7P/AETSaqpIJOHwpRjHeNRNrjNJCWa9w0BIpn5KyZdkEC0STBnQnBnT54ntaOSe1I6vnIL5TKaIIv2UB4dIBedojK6RBVURQTdoyf0gl6tB+vZerPeJ6MZa7qzi/7A+vgB91qedg==</latexit>

hvi, vji = ±↵

The Gram matrix       of these vectors, defined by                       ,

is           , positive semidefinite, and has rank at most   .

<latexit sha1_base64="ri4fWNOlsLvY5EKiO9ajIPohY8I=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAe9CAmYBZIh9HRqktaenqG7R4hDnsCLB0W8+gA+hU/gzaNvYmc5aOIPDR//X0VXlR9zprTjfFmZufmFxaXscm5ldW19I7+5VVNRIilWacQj2fCJQs4EVjXTHBuxRBL6HOv+7fkwr9+hVCwS17ofoxeSrmABo0Qbq3LVzhecojOSPQvuBApnH/ffF+87abmd/2x1IpqEKDTlRKmm68TaS4nUjHIc5FqJwpjQW9LFpkFBQlReOhp0YO8bp2MHkTRPaHvk/u5ISahUP/RNZUh0T01nQ/O/rJno4NRLmYgTjYKOPwoSbuvIHm5td5hEqnnfAKGSmVlt2iOSUG1ukzNHcKdXnoXaYdE9Lh5V3EKpBGNlYRf24ABcOIESXEIZqkAB4QGe4Nm6sR6tF+t1XJqxJj3b8EfW2w/hQpC3</latexit>

M

<latexit sha1_base64="tuVKveCJjmJqMVUs1UOznD8SnhM=">AAAB73icbZDLSgMxFIYzXmu9VV2JC4NFcFVmRNTlgBuXFewF2qFk0jNtbCaZJhmhDF27d+NCEbe+Tnc+hy9gello6w+Bj/8/h5xzwoQzbVz3y1laXlldW89t5De3tnd2C3v7VS1TRaFCJZeqHhINnAmoGGY41BMFJA451MLezTivPYLSTIp7M0ggiElHsIhRYqxVZ7gpoI8fWoWiW3InwovgzaDoHz615Oj4u9wqjJptSdMYhKGcaN3w3MQEGVGGUQ7DfDPVkBDaIx1oWBQkBh1kk3mH+NQ6bRxJZZ8weOL+7shIrPUgDm1lTExXz2dj87+skZroOsiYSFIDgk4/ilKOjcTj5XGbKaCGDywQqpidFdMuUYQae6K8PYI3v/IiVM9L3mXp4s4r+j6aKoeO0Ak6Qx66Qj66RWVUQRRx9Ixe0ZvTd16cd+djWrrkzHoO0B85nz8gWJMT</latexit>

i 6= j

<latexit sha1_base64="hDGm576xzxTpxBhHxOYfutVW3ZQ=">AAACC3icbVDLSgMxFM34rPU16lKQ0CK4KGVGRN0IBTduhAr2AZ0yZNK0TZtJhiRTKENXbtz4Ef6AGxeKuPUH3Pkp7kynXWjrgXs5nHMvyT1BxKjSjvNlLSwuLa+sZtay6xubW9v2zm5ViVhiUsGCCVkPkCKMclLRVDNSjyRBYcBILehfjv3agEhFBb/Vw4g0Q9ThtE0x0kby7dy1n9BCbwQvoMcQ7zACBz4tmNaDnkwF3847RScFnCfulORLuce774OWKPv2p9cSOA4J15ghpRquE+lmgqSmmJFR1osViRDuow5pGMpRSFQzSW8ZwUOjtGBbSFNcw1T9vZGgUKlhGJjJEOmumvXG4n9eI9bt82ZCeRRrwvHkoXbMoBZwHAxsUUmwZkNDEJbU/BXiLpIIaxNf1oTgzp48T6rHRfe0eHLj5kslMEEG7IMcOAIuOAMlcAXKoAIwuAdP4AW8Wg/Ws/VmvU9GF6zpzh74A+vjB7OEnUA=</latexit>

Mi,j = hvi, vji
<latexit sha1_base64="koOTnM8dVTXTdgxpDAcbLkr+OMA=">AAAB8XicbVA9SwNBEJ2LJsb4FbW0WQyCVbgTUcuAjWUE84HJEfY2m2TJ3t6xOyeEI62/wEZQEVv9NXb+EHs3H4UmPhh4vDfDm5kglsKg6345mZXVbG4tv17Y2Nza3inu7tVNlGjGayySkW4G1HApFK+hQMmbseY0DCRvBMPLid+449qISN3gKOZ+SPtK9ASjaKVbRdooQm6I6hRLbtmdgiwTb05KldzTt/q4z1Y7xc92N2JJyBUySY1peW6Mfko1Cib5uNBODI8pG9I+b1mqqI3x0+nGY3JklS7pRdqWQjJVf0+kNDRmFAa2M6Q4MIveRPzPayXYu/BToeIEuWKzoF4iCUZkcj7pCs0ZypEllGlhdyVsQDVlaJ9UsE/wFk9eJvWTsndWPr32SpUKzJCHAziEY/DgHCpwBVWoAQMFD/AML45xHp1X523WmnHmM/vwB877D7Q+k/g=</latexit>n⇥ n <latexit sha1_base64="c3sUZeVAmMcZF8y/y3yTaBpRVp0=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAc9JmAWSIbQ06lJ2vT0DN09QhzyBF48KOLVB/ApfAJvHn0TO8tBE39o+Pj/Krqq/JgzpR3ny8osLC4tr2RXc2vrG5tb+e2dmooSSbFKIx7Jhk8Uciawqpnm2IglktDnWPf7l6O8fodSsUjc6EGMXki6ggWMEm2simznC07RGcueB3cKhYuP+++r97203M5/tjoRTUIUmnKiVNN1Yu2lRGpGOQ5zrURhTGifdLFpUJAQlZeOBx3ah8bp2EEkzRPaHru/O1ISKjUIfVMZEt1Ts9nI/C9rJjo491Im4kSjoJOPgoTbOrJHW9sdJpFqPjBAqGRmVpv2iCRUm9vkzBHc2ZXnoXZcdE+LJxW3UCrBRFnYhwM4AhfOoATXUIYqUEB4gCd4tm6tR+vFep2UZqxpzy78kfX2AxllkNw=</latexit>r

Consider the graph     with vertex set                  such that

                    if and only if                      .

<latexit sha1_base64="MmcnO+qZ4XLDd+XeS67hkuG1i3U="></latexit>

G <latexit sha1_base64="GEd8wMH3GbMun1FmNjfNd0gjH+s=">AAAB+XicbVDLSsNAFJ34rPUVdSUuHCyCi1ISEXUZcOOygn1AG8JkMmmHTmbCzCRQQtf+hBsXirj1T7rzO/wBp4+Fth64cDjnXu69J0wZVdpxvqyV1bX1jc3SVnl7Z3dv3z44bCqRSUwaWDAh2yFShFFOGppqRtqpJCgJGWmFg7uJ38qJVFTwRz1MiZ+gHqcxxUgbKbDtPHCrsMsioVUV5oGRKk7NmQIuE3dOKt7xUyDGp9/1wB53I4GzhHCNGVKq4zqp9gskNcWMjMrdTJEU4QHqkY6hHCVE+cX08hE8N0oEYyFNcQ2n6u+JAiVKDZPQdCZI99WiNxH/8zqZjm/9gvI004Tj2aI4Y1ALOIkBRlQSrNnQEIQlNbdC3EcSYW3CKpsQ3MWXl0nzsuZe164e3IrngRlK4AScgQvgghvggXtQBw2AQQ6ewSt4swrrxXq3PmatK9Z85gj8gfX5A/CTlkQ=</latexit>v1, . . . , vn
<latexit sha1_base64="BC50Kr2qifhn5Y5tXPnwaEcYjKQ=">AAAB+XicbVDLSsNAFJ3UV62vqEtBhhahbkoioi4DIrqsYB/QhjCZTNqxk0mYmQRK6MrfcNOFIm79E3d+ijunj4W2HrhwOOde7r3HTxiVyrK+jMLK6tr6RnGztLW9s7tn7h80ZZwKTBo4ZrFo+0gSRjlpKKoYaSeCoMhnpOUPrid+KyNC0pg/qGFC3Aj1OA0pRkpLnmlmHoWZ9wi7lMOb6u2pZ1asmjUFXCb2nFSc8vjp+ziI65752Q1inEaEK8yQlB3bSpSbI6EoZmRU6qaSJAgPUI90NOUoItLNp5eP4IlWAhjGQhdXcKr+nshRJOUw8nVnhFRfLnoT8T+vk6rwys0pT1JFOJ4tClMGVQwnMcCACoIVG2qCsKD6Voj7SCCsdFglHYK9+PIyaZ7V7Iva+b1dcRwwQxEcgTKoAhtcAgfcgTpoAAwy8AxewKuRG2PjzXiftRaM+cwh+APj4wcUxZWs</latexit>

vivj 2 E(G)
<latexit sha1_base64="SvGeB+BvUrR9KHY5VKgdttMm5aU=">AAACC3icbVC7SgNBFJ31GeMrainIkCBYaNgVURthwcYygnlANoS7s7PJmNnZZWY2EEIqGxs/wh+wsVDE1h+w81PsnDwKTTxwL4dz7mXmHj/hTGnb/rLm5hcWl5YzK9nVtfWNzdzWdkXFqSS0TGIey5oPinImaFkzzWktkRQin9Oq37kc+tUulYrF4kb3EtqIoCVYyAhoIzVzeY+DaHGKu012aNot9uRYuMBHHvCkDc1cwS7aI+BZ4kxIwc0/3n3vBXGpmfv0gpikERWacFCq7tiJbvRBakY4HWS9VNEESAdatG6ogIiqRn90ywDvGyXAYSxNCY1H6u+NPkRK9SLfTEag22raG4r/efVUh+eNPhNJqqkg44fClGMd42EwOGCSEs17hgCRzPwVkzZIINrElzUhONMnz5LKcdE5LZ5cOwXXRWNk0C7KowPkoDPkoitUQmVE0D16Qi/o1Xqwnq036308OmdNdnbQH1gfP5vQnSw=</latexit>

hvi, vji = �↵



Given a family of     equiangular lines in       with common 
angle                , we can pick a unit vector along each line to 
get vectors                 satisfying                       for all         .

Connection to spectral graph theory
<latexit sha1_base64="cHzqUcq0sObHYsWpadeV78L772I=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAc9JmAWSIbQ06lJ2vT0DN09QhzyBF48KOLVB/ApfAJvHn0TO8tBE39o+Pj/Krqq/JgzpR3ny8osLC4tr2RXc2vrG5tb+e2dmooSSbFKIx7Jhk8Uciawqpnm2IglktDnWPf7l6O8fodSsUjc6EGMXki6ggWMEm2simjnC07RGcueB3cKhYuP+++r97203M5/tjoRTUIUmnKiVNN1Yu2lRGpGOQ5zrURhTGifdLFpUJAQlZeOBx3ah8bp2EEkzRPaHru/O1ISKjUIfVMZEt1Ts9nI/C9rJjo491Im4kSjoJOPgoTbOrJHW9sdJpFqPjBAqGRmVpv2iCRUm9vkzBHc2ZXnoXZcdE+LJxWnUCrBRFnYhwM4AhfOoATXUIYqUEB4gCd4tm6tR+vFep2UZqxpzy78kfX2AxMFkNc=</latexit>n

<latexit sha1_base64="t0YGGeDfsmNrg7irNU/oLBRGm5E=">AAAB9HicbVDLTgIxFL2DL8QXPnZuGomJKzJjjLqTxIUu0cgjgZF0SgcaOp2x7ZDghO9w40Jj3PIVfoE7l/6JHWCh4EmanJxzb+7p8SLOlLbtLyuzsLi0vJJdza2tb2xu5bd3qiqMJaEVEvJQ1j2sKGeCVjTTnNYjSXHgcVrzepepX+tTqVgo7vQgom6AO4L5jGBtJLcZYN31vOR2eC9zrXzBLtpjoHniTEnh4uPx+2q0l5Rb+c9mOyRxQIUmHCvVcOxIuwmWmhFOh7lmrGiESQ93aMNQgQOq3GQceogOjdJGfijNExqN1d8bCQ6UGgSemUxDqlkvFf/zGrH2z92EiSjWVJDJIT/mSIcobQC1maRE84EhmEhmsiLSxRITbXpKS3BmvzxPqsdF57R4cuMUSiWYIAv7cABH4MAZlOAaylABAg/wBC/wavWtZ+vNep+MZqzpzi78gTX6AcBsldA=</latexit>

Rr

<latexit sha1_base64="gcJiVn/BBX78dDsAE2AcMlQUp/g="></latexit>

arccos(↵)
<latexit sha1_base64="GEd8wMH3GbMun1FmNjfNd0gjH+s=">AAAB+XicbVDLSsNAFJ34rPUVdSUuHCyCi1ISEXUZcOOygn1AG8JkMmmHTmbCzCRQQtf+hBsXirj1T7rzO/wBp4+Fth64cDjnXu69J0wZVdpxvqyV1bX1jc3SVnl7Z3dv3z44bCqRSUwaWDAh2yFShFFOGppqRtqpJCgJGWmFg7uJ38qJVFTwRz1MiZ+gHqcxxUgbKbDtPHCrsMsioVUV5oGRKk7NmQIuE3dOKt7xUyDGp9/1wB53I4GzhHCNGVKq4zqp9gskNcWMjMrdTJEU4QHqkY6hHCVE+cX08hE8N0oEYyFNcQ2n6u+JAiVKDZPQdCZI99WiNxH/8zqZjm/9gvI004Tj2aI4Y1ALOIkBRlQSrNnQEIQlNbdC3EcSYW3CKpsQ3MWXl0nzsuZe164e3IrngRlK4AScgQvgghvggXtQBw2AQQ6ewSt4swrrxXq3PmatK9Z85gj8gfX5A/CTlkQ=</latexit>v1, . . . , vn

<latexit sha1_base64="3RVhott5a/wj14v3Fvw2uRyAnxY=">AAACDnicbVC7SgNBFJ2Nrxhfq5aCDAkBCwm7ImojBGwsI5gHZJdwdzKbjM7OLjOzgRBSWdr4C36CjYUittZ2foqdk0ehiQfu5XDOvczcEyScKe04X1ZmYXFpeSW7mltb39jcsrd3aipOJaFVEvNYNgJQlDNBq5ppThuJpBAFnNaD24uRX+9RqVgsrnU/oX4EHcFCRkAbqWUXPQ6iwynutdihaTfYkxPhHHtJhD3gSRdadsEpOWPgeeJOSaGcf7z73m/HlZb96bVjkkZUaMJBqabrJNofgNSMcDrMeamiCZBb6NCmoQIiqvzB+JwhLhqljcNYmhIaj9XfGwOIlOpHgZmMQHfVrDcS//OaqQ7P/AETSaqpIJOHwpRjHeNRNrjNJCWa9w0BIpn5KyZdkEC0STBnQnBnT54ntaOSe1I6vnIL5TKaIIv2UB4dIBedojK6RBVURQTdoyf0gl6tB+vZerPeJ6MZa7qzi/7A+vgB91qedg==</latexit>

hvi, vji = ±↵

The Gram matrix       of these vectors, defined by                       ,

is           , positive semidefinite, and has rank at most   .

<latexit sha1_base64="ri4fWNOlsLvY5EKiO9ajIPohY8I=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAe9CAmYBZIh9HRqktaenqG7R4hDnsCLB0W8+gA+hU/gzaNvYmc5aOIPDR//X0VXlR9zprTjfFmZufmFxaXscm5ldW19I7+5VVNRIilWacQj2fCJQs4EVjXTHBuxRBL6HOv+7fkwr9+hVCwS17ofoxeSrmABo0Qbq3LVzhecojOSPQvuBApnH/ffF+87abmd/2x1IpqEKDTlRKmm68TaS4nUjHIc5FqJwpjQW9LFpkFBQlReOhp0YO8bp2MHkTRPaHvk/u5ISahUP/RNZUh0T01nQ/O/rJno4NRLmYgTjYKOPwoSbuvIHm5td5hEqnnfAKGSmVlt2iOSUG1ukzNHcKdXnoXaYdE9Lh5V3EKpBGNlYRf24ABcOIESXEIZqkAB4QGe4Nm6sR6tF+t1XJqxJj3b8EfW2w/hQpC3</latexit>

M

<latexit sha1_base64="tuVKveCJjmJqMVUs1UOznD8SnhM=">AAAB73icbZDLSgMxFIYzXmu9VV2JC4NFcFVmRNTlgBuXFewF2qFk0jNtbCaZJhmhDF27d+NCEbe+Tnc+hy9gello6w+Bj/8/h5xzwoQzbVz3y1laXlldW89t5De3tnd2C3v7VS1TRaFCJZeqHhINnAmoGGY41BMFJA451MLezTivPYLSTIp7M0ggiElHsIhRYqxVZ7gpoI8fWoWiW3InwovgzaDoHz615Oj4u9wqjJptSdMYhKGcaN3w3MQEGVGGUQ7DfDPVkBDaIx1oWBQkBh1kk3mH+NQ6bRxJZZ8weOL+7shIrPUgDm1lTExXz2dj87+skZroOsiYSFIDgk4/ilKOjcTj5XGbKaCGDywQqpidFdMuUYQae6K8PYI3v/IiVM9L3mXp4s4r+j6aKoeO0Ak6Qx66Qj66RWVUQRRx9Ixe0ZvTd16cd+djWrrkzHoO0B85nz8gWJMT</latexit>

i 6= j

<latexit sha1_base64="hDGm576xzxTpxBhHxOYfutVW3ZQ=">AAACC3icbVDLSgMxFM34rPU16lKQ0CK4KGVGRN0IBTduhAr2AZ0yZNK0TZtJhiRTKENXbtz4Ef6AGxeKuPUH3Pkp7kynXWjrgXs5nHMvyT1BxKjSjvNlLSwuLa+sZtay6xubW9v2zm5ViVhiUsGCCVkPkCKMclLRVDNSjyRBYcBILehfjv3agEhFBb/Vw4g0Q9ThtE0x0kby7dy1n9BCbwQvoMcQ7zACBz4tmNaDnkwF3847RScFnCfulORLuce774OWKPv2p9cSOA4J15ghpRquE+lmgqSmmJFR1osViRDuow5pGMpRSFQzSW8ZwUOjtGBbSFNcw1T9vZGgUKlhGJjJEOmumvXG4n9eI9bt82ZCeRRrwvHkoXbMoBZwHAxsUUmwZkNDEJbU/BXiLpIIaxNf1oTgzp48T6rHRfe0eHLj5kslMEEG7IMcOAIuOAMlcAXKoAIwuAdP4AW8Wg/Ws/VmvU9GF6zpzh74A+vjB7OEnUA=</latexit>

Mi,j = hvi, vji
<latexit sha1_base64="koOTnM8dVTXTdgxpDAcbLkr+OMA=">AAAB8XicbVA9SwNBEJ2LJsb4FbW0WQyCVbgTUcuAjWUE84HJEfY2m2TJ3t6xOyeEI62/wEZQEVv9NXb+EHs3H4UmPhh4vDfDm5kglsKg6345mZXVbG4tv17Y2Nza3inu7tVNlGjGayySkW4G1HApFK+hQMmbseY0DCRvBMPLid+449qISN3gKOZ+SPtK9ASjaKVbRdooQm6I6hRLbtmdgiwTb05KldzTt/q4z1Y7xc92N2JJyBUySY1peW6Mfko1Cib5uNBODI8pG9I+b1mqqI3x0+nGY3JklS7pRdqWQjJVf0+kNDRmFAa2M6Q4MIveRPzPayXYu/BToeIEuWKzoF4iCUZkcj7pCs0ZypEllGlhdyVsQDVlaJ9UsE/wFk9eJvWTsndWPr32SpUKzJCHAziEY/DgHCpwBVWoAQMFD/AML45xHp1X523WmnHmM/vwB877D7Q+k/g=</latexit>n⇥ n <latexit sha1_base64="c3sUZeVAmMcZF8y/y3yTaBpRVp0=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAc9JmAWSIbQ06lJ2vT0DN09QhzyBF48KOLVB/ApfAJvHn0TO8tBE39o+Pj/Krqq/JgzpR3ny8osLC4tr2RXc2vrG5tb+e2dmooSSbFKIx7Jhk8Uciawqpnm2IglktDnWPf7l6O8fodSsUjc6EGMXki6ggWMEm2simznC07RGcueB3cKhYuP+++r97203M5/tjoRTUIUmnKiVNN1Yu2lRGpGOQ5zrURhTGifdLFpUJAQlZeOBx3ah8bp2EEkzRPaHru/O1ISKjUIfVMZEt1Ts9nI/C9rJjo491Im4kSjoJOPgoTbOrJHW9sdJpFqPjBAqGRmVpv2iCRUm9vkzBHc2ZXnoXZcdE+LJxW3UCrBRFnYhwM4AhfOoATXUIYqUEB4gCd4tm6tR+vFep2UZqxpzy78kfX2AxllkNw=</latexit>r

Consider the graph     with vertex set                  such that

                    if and only if                      .

<latexit sha1_base64="MmcnO+qZ4XLDd+XeS67hkuG1i3U="></latexit>

G <latexit sha1_base64="GEd8wMH3GbMun1FmNjfNd0gjH+s=">AAAB+XicbVDLSsNAFJ34rPUVdSUuHCyCi1ISEXUZcOOygn1AG8JkMmmHTmbCzCRQQtf+hBsXirj1T7rzO/wBp4+Fth64cDjnXu69J0wZVdpxvqyV1bX1jc3SVnl7Z3dv3z44bCqRSUwaWDAh2yFShFFOGppqRtqpJCgJGWmFg7uJ38qJVFTwRz1MiZ+gHqcxxUgbKbDtPHCrsMsioVUV5oGRKk7NmQIuE3dOKt7xUyDGp9/1wB53I4GzhHCNGVKq4zqp9gskNcWMjMrdTJEU4QHqkY6hHCVE+cX08hE8N0oEYyFNcQ2n6u+JAiVKDZPQdCZI99WiNxH/8zqZjm/9gvI004Tj2aI4Y1ALOIkBRlQSrNnQEIQlNbdC3EcSYW3CKpsQ3MWXl0nzsuZe164e3IrngRlK4AScgQvgghvggXtQBw2AQQ6ewSt4swrrxXq3PmatK9Z85gj8gfX5A/CTlkQ=</latexit>v1, . . . , vn
<latexit sha1_base64="BC50Kr2qifhn5Y5tXPnwaEcYjKQ=">AAAB+XicbVDLSsNAFJ3UV62vqEtBhhahbkoioi4DIrqsYB/QhjCZTNqxk0mYmQRK6MrfcNOFIm79E3d+ijunj4W2HrhwOOde7r3HTxiVyrK+jMLK6tr6RnGztLW9s7tn7h80ZZwKTBo4ZrFo+0gSRjlpKKoYaSeCoMhnpOUPrid+KyNC0pg/qGFC3Aj1OA0pRkpLnmlmHoWZ9wi7lMOb6u2pZ1asmjUFXCb2nFSc8vjp+ziI65752Q1inEaEK8yQlB3bSpSbI6EoZmRU6qaSJAgPUI90NOUoItLNp5eP4IlWAhjGQhdXcKr+nshRJOUw8nVnhFRfLnoT8T+vk6rwys0pT1JFOJ4tClMGVQwnMcCACoIVG2qCsKD6Voj7SCCsdFglHYK9+PIyaZ7V7Iva+b1dcRwwQxEcgTKoAhtcAgfcgTpoAAwy8AxewKuRG2PjzXiftRaM+cwh+APj4wcUxZWs</latexit>

vivj 2 E(G)
<latexit sha1_base64="SvGeB+BvUrR9KHY5VKgdttMm5aU=">AAACC3icbVC7SgNBFJ31GeMrainIkCBYaNgVURthwcYygnlANoS7s7PJmNnZZWY2EEIqGxs/wh+wsVDE1h+w81PsnDwKTTxwL4dz7mXmHj/hTGnb/rLm5hcWl5YzK9nVtfWNzdzWdkXFqSS0TGIey5oPinImaFkzzWktkRQin9Oq37kc+tUulYrF4kb3EtqIoCVYyAhoIzVzeY+DaHGKu012aNot9uRYuMBHHvCkDc1cwS7aI+BZ4kxIwc0/3n3vBXGpmfv0gpikERWacFCq7tiJbvRBakY4HWS9VNEESAdatG6ogIiqRn90ywDvGyXAYSxNCY1H6u+NPkRK9SLfTEag22raG4r/efVUh+eNPhNJqqkg44fClGMd42EwOGCSEs17hgCRzPwVkzZIINrElzUhONMnz5LKcdE5LZ5cOwXXRWNk0C7KowPkoDPkoitUQmVE0D16Qi/o1Xqwnq036308OmdNdnbQH1gfP5vQnSw=</latexit>

hvi, vji = �↵

The adjacency matrix     of this graph satisfies 

<latexit sha1_base64="zrrppln8tVTzOyWIMtnKxhCoatc=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNiAc9JmAWSIbQ06lJWnt6hu4eIQ55Ai8eFPHqA/gUPoE3j76JneWgiT80fPx/FV1VfsyZ0o7zZWXm5hcWl7LLuZXVtfWN/OZWTUWJpFilEY9kwycKORNY1UxzbMQSSehzrPu3F8O8fodSsUhc636MXki6ggWMEm2synk7X3CKzkj2LLgTKJx93H9fvu+k5Xb+s9WJaBKi0JQTpZquE2svJVIzynGQayUKY0JvSRebBgUJUXnpaNCBvW+cjh1E0jyh7ZH7uyMloVL90DeVIdE9NZ0Nzf+yZqKDUy9lIk40Cjr+KEi4rSN7uLXdYRKp5n0DhEpmZrVpj0hCtblNzhzBnV55FmqHRfe4eFRxC6USjJWFXdiDA3DhBEpwBWWoAgWEB3iCZ+vGerRerNdxacaa9GzDH1lvP88SkKs=</latexit>

A
<latexit sha1_base64="Su32NSJz7zEqt8fHytTZcYJ9jSo=">AAACEnicbZDLSgMxFIYz3lrrbdSlm4NFaJGWmeJtI1TcqCC0YC/QlpJJ0zY0cyHJCKX0Gdz4Km5cKOLWlTtfQHwM004Fbf0h8OU/55Cc3wk4k8qyPoy5+YXFpVh8ObGyura+YW5ulaUfCkJLxOe+qDpYUs48WlJMcVoNBMWuw2nF6Z2P6pVbKiTzvRvVD2jDxR2PtRnBSltNM30Np5CyM3XMgy5OwyXsQ8RwBRnI/VzOsk0zaWWtsWAW7Akk81D8+ozHDgtN873e8knoUk8RjqWs2VagGgMsFCOcDhP1UNIAkx7u0JpGD7tUNgbjlYawp50WtH2hj6dg7P6eGGBXyr7r6E4Xq66cro3M/2q1ULVPGgPmBaGiHokeaocclA+jfKDFBCWK9zVgIpj+K5AuFpgonWJCh2BPrzwL5VzWPsoeFO1kPo8ixdEO2kUpZKNjlEcXqIBKiKA79ICe0LNxbzwaL8Zr1DpnTGa20R8Zb9/2sZw3</latexit>

M = (1� ↵)I + ↵J � 2↵A.



Given a family of     equiangular lines in       with common 
angle                , we can pick a unit vector along each line to 
get vectors                 satisfying                       for all         .

Connection to spectral graph theory
<latexit sha1_base64="cHzqUcq0sObHYsWpadeV78L772I=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAc9JmAWSIbQ06lJ2vT0DN09QhzyBF48KOLVB/ApfAJvHn0TO8tBE39o+Pj/Krqq/JgzpR3ny8osLC4tr2RXc2vrG5tb+e2dmooSSbFKIx7Jhk8Uciawqpnm2IglktDnWPf7l6O8fodSsUjc6EGMXki6ggWMEm2simjnC07RGcueB3cKhYuP+++r97203M5/tjoRTUIUmnKiVNN1Yu2lRGpGOQ5zrURhTGifdLFpUJAQlZeOBx3ah8bp2EEkzRPaHru/O1ISKjUIfVMZEt1Ts9nI/C9rJjo491Im4kSjoJOPgoTbOrJHW9sdJpFqPjBAqGRmVpv2iCRUm9vkzBHc2ZXnoXZcdE+LJxWnUCrBRFnYhwM4AhfOoATXUIYqUEB4gCd4tm6tR+vFep2UZqxpzy78kfX2AxMFkNc=</latexit>n

<latexit sha1_base64="t0YGGeDfsmNrg7irNU/oLBRGm5E=">AAAB9HicbVDLTgIxFL2DL8QXPnZuGomJKzJjjLqTxIUu0cgjgZF0SgcaOp2x7ZDghO9w40Jj3PIVfoE7l/6JHWCh4EmanJxzb+7p8SLOlLbtLyuzsLi0vJJdza2tb2xu5bd3qiqMJaEVEvJQ1j2sKGeCVjTTnNYjSXHgcVrzepepX+tTqVgo7vQgom6AO4L5jGBtJLcZYN31vOR2eC9zrXzBLtpjoHniTEnh4uPx+2q0l5Rb+c9mOyRxQIUmHCvVcOxIuwmWmhFOh7lmrGiESQ93aMNQgQOq3GQceogOjdJGfijNExqN1d8bCQ6UGgSemUxDqlkvFf/zGrH2z92EiSjWVJDJIT/mSIcobQC1maRE84EhmEhmsiLSxRITbXpKS3BmvzxPqsdF57R4cuMUSiWYIAv7cABH4MAZlOAaylABAg/wBC/wavWtZ+vNep+MZqzpzi78gTX6AcBsldA=</latexit>

Rr

<latexit sha1_base64="gcJiVn/BBX78dDsAE2AcMlQUp/g="></latexit>

arccos(↵)
<latexit sha1_base64="GEd8wMH3GbMun1FmNjfNd0gjH+s=">AAAB+XicbVDLSsNAFJ34rPUVdSUuHCyCi1ISEXUZcOOygn1AG8JkMmmHTmbCzCRQQtf+hBsXirj1T7rzO/wBp4+Fth64cDjnXu69J0wZVdpxvqyV1bX1jc3SVnl7Z3dv3z44bCqRSUwaWDAh2yFShFFOGppqRtqpJCgJGWmFg7uJ38qJVFTwRz1MiZ+gHqcxxUgbKbDtPHCrsMsioVUV5oGRKk7NmQIuE3dOKt7xUyDGp9/1wB53I4GzhHCNGVKq4zqp9gskNcWMjMrdTJEU4QHqkY6hHCVE+cX08hE8N0oEYyFNcQ2n6u+JAiVKDZPQdCZI99WiNxH/8zqZjm/9gvI004Tj2aI4Y1ALOIkBRlQSrNnQEIQlNbdC3EcSYW3CKpsQ3MWXl0nzsuZe164e3IrngRlK4AScgQvgghvggXtQBw2AQQ6ewSt4swrrxXq3PmatK9Z85gj8gfX5A/CTlkQ=</latexit>v1, . . . , vn

<latexit sha1_base64="3RVhott5a/wj14v3Fvw2uRyAnxY=">AAACDnicbVC7SgNBFJ2Nrxhfq5aCDAkBCwm7ImojBGwsI5gHZJdwdzKbjM7OLjOzgRBSWdr4C36CjYUittZ2foqdk0ehiQfu5XDOvczcEyScKe04X1ZmYXFpeSW7mltb39jcsrd3aipOJaFVEvNYNgJQlDNBq5ppThuJpBAFnNaD24uRX+9RqVgsrnU/oX4EHcFCRkAbqWUXPQ6iwynutdihaTfYkxPhHHtJhD3gSRdadsEpOWPgeeJOSaGcf7z73m/HlZb96bVjkkZUaMJBqabrJNofgNSMcDrMeamiCZBb6NCmoQIiqvzB+JwhLhqljcNYmhIaj9XfGwOIlOpHgZmMQHfVrDcS//OaqQ7P/AETSaqpIJOHwpRjHeNRNrjNJCWa9w0BIpn5KyZdkEC0STBnQnBnT54ntaOSe1I6vnIL5TKaIIv2UB4dIBedojK6RBVURQTdoyf0gl6tB+vZerPeJ6MZa7qzi/7A+vgB91qedg==</latexit>

hvi, vji = ±↵

The Gram matrix       of these vectors, defined by                       ,

is           , positive semidefinite, and has rank at most   .

<latexit sha1_base64="ri4fWNOlsLvY5EKiO9ajIPohY8I=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAe9CAmYBZIh9HRqktaenqG7R4hDnsCLB0W8+gA+hU/gzaNvYmc5aOIPDR//X0VXlR9zprTjfFmZufmFxaXscm5ldW19I7+5VVNRIilWacQj2fCJQs4EVjXTHBuxRBL6HOv+7fkwr9+hVCwS17ofoxeSrmABo0Qbq3LVzhecojOSPQvuBApnH/ffF+87abmd/2x1IpqEKDTlRKmm68TaS4nUjHIc5FqJwpjQW9LFpkFBQlReOhp0YO8bp2MHkTRPaHvk/u5ISahUP/RNZUh0T01nQ/O/rJno4NRLmYgTjYKOPwoSbuvIHm5td5hEqnnfAKGSmVlt2iOSUG1ukzNHcKdXnoXaYdE9Lh5V3EKpBGNlYRf24ABcOIESXEIZqkAB4QGe4Nm6sR6tF+t1XJqxJj3b8EfW2w/hQpC3</latexit>

M

<latexit sha1_base64="tuVKveCJjmJqMVUs1UOznD8SnhM=">AAAB73icbZDLSgMxFIYzXmu9VV2JC4NFcFVmRNTlgBuXFewF2qFk0jNtbCaZJhmhDF27d+NCEbe+Tnc+hy9gello6w+Bj/8/h5xzwoQzbVz3y1laXlldW89t5De3tnd2C3v7VS1TRaFCJZeqHhINnAmoGGY41BMFJA451MLezTivPYLSTIp7M0ggiElHsIhRYqxVZ7gpoI8fWoWiW3InwovgzaDoHz615Oj4u9wqjJptSdMYhKGcaN3w3MQEGVGGUQ7DfDPVkBDaIx1oWBQkBh1kk3mH+NQ6bRxJZZ8weOL+7shIrPUgDm1lTExXz2dj87+skZroOsiYSFIDgk4/ilKOjcTj5XGbKaCGDywQqpidFdMuUYQae6K8PYI3v/IiVM9L3mXp4s4r+j6aKoeO0Ak6Qx66Qj66RWVUQRRx9Ixe0ZvTd16cd+djWrrkzHoO0B85nz8gWJMT</latexit>

i 6= j

<latexit sha1_base64="hDGm576xzxTpxBhHxOYfutVW3ZQ=">AAACC3icbVDLSgMxFM34rPU16lKQ0CK4KGVGRN0IBTduhAr2AZ0yZNK0TZtJhiRTKENXbtz4Ef6AGxeKuPUH3Pkp7kynXWjrgXs5nHMvyT1BxKjSjvNlLSwuLa+sZtay6xubW9v2zm5ViVhiUsGCCVkPkCKMclLRVDNSjyRBYcBILehfjv3agEhFBb/Vw4g0Q9ThtE0x0kby7dy1n9BCbwQvoMcQ7zACBz4tmNaDnkwF3847RScFnCfulORLuce774OWKPv2p9cSOA4J15ghpRquE+lmgqSmmJFR1osViRDuow5pGMpRSFQzSW8ZwUOjtGBbSFNcw1T9vZGgUKlhGJjJEOmumvXG4n9eI9bt82ZCeRRrwvHkoXbMoBZwHAxsUUmwZkNDEJbU/BXiLpIIaxNf1oTgzp48T6rHRfe0eHLj5kslMEEG7IMcOAIuOAMlcAXKoAIwuAdP4AW8Wg/Ws/VmvU9GF6zpzh74A+vjB7OEnUA=</latexit>

Mi,j = hvi, vji
<latexit sha1_base64="koOTnM8dVTXTdgxpDAcbLkr+OMA=">AAAB8XicbVA9SwNBEJ2LJsb4FbW0WQyCVbgTUcuAjWUE84HJEfY2m2TJ3t6xOyeEI62/wEZQEVv9NXb+EHs3H4UmPhh4vDfDm5kglsKg6345mZXVbG4tv17Y2Nza3inu7tVNlGjGayySkW4G1HApFK+hQMmbseY0DCRvBMPLid+449qISN3gKOZ+SPtK9ASjaKVbRdooQm6I6hRLbtmdgiwTb05KldzTt/q4z1Y7xc92N2JJyBUySY1peW6Mfko1Cib5uNBODI8pG9I+b1mqqI3x0+nGY3JklS7pRdqWQjJVf0+kNDRmFAa2M6Q4MIveRPzPayXYu/BToeIEuWKzoF4iCUZkcj7pCs0ZypEllGlhdyVsQDVlaJ9UsE/wFk9eJvWTsndWPr32SpUKzJCHAziEY/DgHCpwBVWoAQMFD/AML45xHp1X523WmnHmM/vwB877D7Q+k/g=</latexit>n⇥ n <latexit sha1_base64="c3sUZeVAmMcZF8y/y3yTaBpRVp0=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAc9JmAWSIbQ06lJ2vT0DN09QhzyBF48KOLVB/ApfAJvHn0TO8tBE39o+Pj/Krqq/JgzpR3ny8osLC4tr2RXc2vrG5tb+e2dmooSSbFKIx7Jhk8Uciawqpnm2IglktDnWPf7l6O8fodSsUjc6EGMXki6ggWMEm2simznC07RGcueB3cKhYuP+++r97203M5/tjoRTUIUmnKiVNN1Yu2lRGpGOQ5zrURhTGifdLFpUJAQlZeOBx3ah8bp2EEkzRPaHru/O1ISKjUIfVMZEt1Ts9nI/C9rJjo491Im4kSjoJOPgoTbOrJHW9sdJpFqPjBAqGRmVpv2iCRUm9vkzBHc2ZXnoXZcdE+LJxW3UCrBRFnYhwM4AhfOoATXUIYqUEB4gCd4tm6tR+vFep2UZqxpzy78kfX2AxllkNw=</latexit>r

Consider the graph     with vertex set                  such that

                    if and only if                      .

<latexit sha1_base64="MmcnO+qZ4XLDd+XeS67hkuG1i3U="></latexit>

G <latexit sha1_base64="GEd8wMH3GbMun1FmNjfNd0gjH+s=">AAAB+XicbVDLSsNAFJ34rPUVdSUuHCyCi1ISEXUZcOOygn1AG8JkMmmHTmbCzCRQQtf+hBsXirj1T7rzO/wBp4+Fth64cDjnXu69J0wZVdpxvqyV1bX1jc3SVnl7Z3dv3z44bCqRSUwaWDAh2yFShFFOGppqRtqpJCgJGWmFg7uJ38qJVFTwRz1MiZ+gHqcxxUgbKbDtPHCrsMsioVUV5oGRKk7NmQIuE3dOKt7xUyDGp9/1wB53I4GzhHCNGVKq4zqp9gskNcWMjMrdTJEU4QHqkY6hHCVE+cX08hE8N0oEYyFNcQ2n6u+JAiVKDZPQdCZI99WiNxH/8zqZjm/9gvI004Tj2aI4Y1ALOIkBRlQSrNnQEIQlNbdC3EcSYW3CKpsQ3MWXl0nzsuZe164e3IrngRlK4AScgQvgghvggXtQBw2AQQ6ewSt4swrrxXq3PmatK9Z85gj8gfX5A/CTlkQ=</latexit>v1, . . . , vn
<latexit sha1_base64="BC50Kr2qifhn5Y5tXPnwaEcYjKQ=">AAAB+XicbVDLSsNAFJ3UV62vqEtBhhahbkoioi4DIrqsYB/QhjCZTNqxk0mYmQRK6MrfcNOFIm79E3d+ijunj4W2HrhwOOde7r3HTxiVyrK+jMLK6tr6RnGztLW9s7tn7h80ZZwKTBo4ZrFo+0gSRjlpKKoYaSeCoMhnpOUPrid+KyNC0pg/qGFC3Aj1OA0pRkpLnmlmHoWZ9wi7lMOb6u2pZ1asmjUFXCb2nFSc8vjp+ziI65752Q1inEaEK8yQlB3bSpSbI6EoZmRU6qaSJAgPUI90NOUoItLNp5eP4IlWAhjGQhdXcKr+nshRJOUw8nVnhFRfLnoT8T+vk6rwys0pT1JFOJ4tClMGVQwnMcCACoIVG2qCsKD6Voj7SCCsdFglHYK9+PIyaZ7V7Iva+b1dcRwwQxEcgTKoAhtcAgfcgTpoAAwy8AxewKuRG2PjzXiftRaM+cwh+APj4wcUxZWs</latexit>

vivj 2 E(G)
<latexit sha1_base64="SvGeB+BvUrR9KHY5VKgdttMm5aU=">AAACC3icbVC7SgNBFJ31GeMrainIkCBYaNgVURthwcYygnlANoS7s7PJmNnZZWY2EEIqGxs/wh+wsVDE1h+w81PsnDwKTTxwL4dz7mXmHj/hTGnb/rLm5hcWl5YzK9nVtfWNzdzWdkXFqSS0TGIey5oPinImaFkzzWktkRQin9Oq37kc+tUulYrF4kb3EtqIoCVYyAhoIzVzeY+DaHGKu012aNot9uRYuMBHHvCkDc1cwS7aI+BZ4kxIwc0/3n3vBXGpmfv0gpikERWacFCq7tiJbvRBakY4HWS9VNEESAdatG6ogIiqRn90ywDvGyXAYSxNCY1H6u+NPkRK9SLfTEag22raG4r/efVUh+eNPhNJqqkg44fClGMd42EwOGCSEs17hgCRzPwVkzZIINrElzUhONMnz5LKcdE5LZ5cOwXXRWNk0C7KowPkoDPkoitUQmVE0D16Qi/o1Xqwnq036308OmdNdnbQH1gfP5vQnSw=</latexit>

hvi, vji = �↵

The adjacency matrix     of this graph satisfies 

<latexit sha1_base64="zrrppln8tVTzOyWIMtnKxhCoatc=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNiAc9JmAWSIbQ06lJWnt6hu4eIQ55Ai8eFPHqA/gUPoE3j76JneWgiT80fPx/FV1VfsyZ0o7zZWXm5hcWl7LLuZXVtfWN/OZWTUWJpFilEY9kwycKORNY1UxzbMQSSehzrPu3F8O8fodSsUhc636MXki6ggWMEm2synk7X3CKzkj2LLgTKJx93H9fvu+k5Xb+s9WJaBKi0JQTpZquE2svJVIzynGQayUKY0JvSRebBgUJUXnpaNCBvW+cjh1E0jyh7ZH7uyMloVL90DeVIdE9NZ0Nzf+yZqKDUy9lIk40Cjr+KEi4rSN7uLXdYRKp5n0DhEpmZrVpj0hCtblNzhzBnV55FmqHRfe4eFRxC6USjJWFXdiDA3DhBEpwBWWoAgWEB3iCZ+vGerRerNdxacaa9GzDH1lvP88SkKs=</latexit>

A
<latexit sha1_base64="Su32NSJz7zEqt8fHytTZcYJ9jSo=">AAACEnicbZDLSgMxFIYz3lrrbdSlm4NFaJGWmeJtI1TcqCC0YC/QlpJJ0zY0cyHJCKX0Gdz4Km5cKOLWlTtfQHwM004Fbf0h8OU/55Cc3wk4k8qyPoy5+YXFpVh8ObGyura+YW5ulaUfCkJLxOe+qDpYUs48WlJMcVoNBMWuw2nF6Z2P6pVbKiTzvRvVD2jDxR2PtRnBSltNM30Np5CyM3XMgy5OwyXsQ8RwBRnI/VzOsk0zaWWtsWAW7Akk81D8+ozHDgtN873e8knoUk8RjqWs2VagGgMsFCOcDhP1UNIAkx7u0JpGD7tUNgbjlYawp50WtH2hj6dg7P6eGGBXyr7r6E4Xq66cro3M/2q1ULVPGgPmBaGiHokeaocclA+jfKDFBCWK9zVgIpj+K5AuFpgonWJCh2BPrzwL5VzWPsoeFO1kPo8ixdEO2kUpZKNjlEcXqIBKiKA79ICe0LNxbzwaL8Zr1DpnTGa20R8Zb9/2sZw3</latexit>

M = (1� ↵)I + ↵J � 2↵A.

If                , then its second largest eigenvalue is 

and has multiplicity at least                .

<latexit sha1_base64="Dcprh/FbrYVCeEfqAKnfoLTstIM=">AAAB83icbVDLSsNAFJ3UVx8+al26GSyCoJSkiLoMuHFZ0T6gCWUyvWmHTiZxZiKU0N9w40IRt36L4M6/cfpYaOuBC4dz7uXee4KEM6Vt+9vKra1vbG7lC8XS9s7uXnm/0lJxKik0acxj2QmIAs4ENDXTHDqJBBIFHNrB6Hrqtx9BKhaLez1OwI/IQLCQUaKN5AnsDeABS3yK671y1a7ZM+BV4ixI1a2U7hqFs89Gr/zl9WOaRiA05USprmMn2s+I1IxymBS9VEFC6IgMoGuoIBEoP5vdPMHHRunjMJamhMYz9fdERiKlxlFgOiOih2rZm4r/ed1Uh1d+xkSSahB0vihMOdYxngaA+0wC1XxsCKGSmVsxHRJJqDYxFU0IzvLLq6RVrzkXtfNbp+q6aI48OkRH6AQ56BK56AY1UBNRlKAn9IJerdR6tt6s93lrzlrMHKA/sD5+AKAcklA=</latexit>

n � r + 2
<latexit sha1_base64="c1KtG4Sogsw0ZuOhdou724FGTVQ="></latexit>

�2 = 1
2

�
1
↵ � 1

�
<latexit sha1_base64="yj2dGN24CWtABo9vV6ESzEzBkUM=">AAAB7XicbZA7SwNBFIXvRhNjfEUtbQaDYJOwK6KWCzaWEcwDkhBmJ7PJmNmZZWZWCEtaaxsLJdja+Gvs/CH2Th6FJh4Y+DjnXubeG8ScaeO6X05mbT2b28hvFra2d3b3ivsHdS0TRWiNSC5VM8CaciZozTDDaTNWFEcBp41geD3NGw9UaSbFnRnFtBPhvmAhI9hYqy7KquyhbrHkVtyZ0Cp4Cyj5ucm3+HjMVrvFz3ZPkiSiwhCOtW55bmw6KVaGEU7HhXaiaYzJEPdpy6LAEdWddDbtGJ1Yp4dCqewTBs3c3x0pjrQeRYGtjLAZ6OVsav6XtRITXnVSJuLEUEHmH4UJR0ai6eqoxxQlho8sYKKYnRWRAVaYGHuggj2Ct7zyKtTPKt5F5fzWK/k+zJWHIziGU/DgEny4gSrUgMA9PMELvDrSeXYmztu8NOMseg7hj5z3H/YtkcE=</latexit>

n� r � 1



New bounds for the second eigenvalue of a graph



Theorem(B. 21-25): Let      be a   -regular graph on    vertices 
with second eigenvalue      and let           be fixed. Then

<latexit sha1_base64="MmcnO+qZ4XLDd+XeS67hkuG1i3U="></latexit>

G
<latexit sha1_base64="qa+9bxpHl84NlPaumrJGE9qCcVY=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIvgqsyUoi4LblxWsA9ph5LJZNrQJDMkGaEM/Qo3LhRx6+e4829Mp7PQ1gOBwznnkntPkHCmjet+O6WNza3tnfJuZW//4PCoenzS1XGqCO2QmMeqH2BNOZO0Y5jhtJ8oikXAaS+Y3i783hNVmsXywcwS6gs8lixiBBsrPQ65jYZ41BhVa27dzYHWiVeQGhRoj6pfwzAmqaDSEI61HnhuYvwMK8MIp/PKMNU0wWSKx3RgqcSCaj/LF56jC6uEKIqVfdKgXP09kWGh9UwENimwmehVbyH+5w1SE934GZNJaqgky4+ilCMTo8X1KGSKEsNnlmCimN0VkQlWmBjbUcWW4K2evE66jbp3VW/eN2utVlFHGc7gHC7Bg2towR20oQMEBDzDK7w5ynlx3p2PZbTkFDOn8AfO5w9qp5Ap</latexit>

�2
<latexit sha1_base64="RVvqO/ZdQ5LZAgqpwrWYVE7WLLA=">AAAB+HicbVC7SgNBFL0bXzE+sj46m8EgWIVdEbXSgI1lBPOAZAmzk9lkyOzsMjMbiEu+wtLGQhFbP8XOwt7OztrJo9DEAxcO59zLvff4MWdKO867lVlYXFpeya7m1tY3NvP21nZVRYkktEIiHsm6jxXlTNCKZprTeiwpDn1Oa37vcuTX+lQqFokbPYipF+KOYAEjWBupZeebfSxprBiPBDpHTssuOEVnDDRP3CkpXHzffe6Wvz7KLfut2Y5IElKhCcdKNVwn1l6KpWaE02GumSgaY9LDHdowVOCQKi8dHz5EB0ZpoyCSpoRGY/X3RIpDpQahbzpDrLtq1huJ/3mNRAdnXspEnGgqyGRRkHCkIzRKAbWZpETzgSGYSGZuRaSLJSbaZJUzIbizL8+T6lHRPSkeXzuFUgkmyMIe7MMhuHAKJbiCMlSAQAL38AhP1q31YD1bL5PWjDWd2YE/sF5/AHBil3E=</latexit>

" > 0
<latexit sha1_base64="O7b59K86TD0fVta2hrhYMK3vGtY="></latexit>

�2 �

8
>><

>>:

⌦
⇣p

d
⌘

if 1  d  n2/3

⌦ (n/d) if n2/3 < d  n3/4

⌦
�
d1/3

�
if n3/4 < d  (1/2� ")n.

New bounds for the second eigenvalue of a graph
<latexit sha1_base64="cHzqUcq0sObHYsWpadeV78L772I=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAc9JmAWSIbQ06lJ2vT0DN09QhzyBF48KOLVB/ApfAJvHn0TO8tBE39o+Pj/Krqq/JgzpR3ny8osLC4tr2RXc2vrG5tb+e2dmooSSbFKIx7Jhk8Uciawqpnm2IglktDnWPf7l6O8fodSsUjc6EGMXki6ggWMEm2simjnC07RGcueB3cKhYuP+++r97203M5/tjoRTUIUmnKiVNN1Yu2lRGpGOQ5zrURhTGifdLFpUJAQlZeOBx3ah8bp2EEkzRPaHru/O1ISKjUIfVMZEt1Ts9nI/C9rJjo491Im4kSjoJOPgoTbOrJHW9sdJpFqPjBAqGRmVpv2iCRUm9vkzBHc2ZXnoXZcdE+LJxWnUCrBRFnYhwM4AhfOoATXUIYqUEB4gCd4tm6tR+vFep2UZqxpzy78kfX2AxMFkNc=</latexit>n

<latexit sha1_base64="ooVVCG6Cn0qj1wqP03F2CHExEZU=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAc9JmAWSIbQ01NJ2vT0DN09QhzyBF48KOLVB/ApfAJvHn0TO8tBE39o+Pj/Krqq/JgzpR3ny8osLC4tr2RXc2vrG5tb+e2dmooSSbFKIx7Jhk8Uciawqpnm2IglktDnWPf7l6O8fodSsUjc6EGMXki6gnUYJdpYlaCdLzhFZyx7HtwpFC4+7r+v3vfScjv/2QoimoQoNOVEqabrxNpLidSMchzmWonCmNA+6WLToCAhKi8dDzq0D40T2J1Imie0PXZ/d6QkVGoQ+qYyJLqnZrOR+V/WTHTn3EuZiBONgk4+6iTc1pE92toOmESq+cAAoZKZWW3aI5JQbW6TM0dwZ1eeh9px0T0tnlScQqkEE2VhHw7gCFw4gxJcQxmqQAHhAZ7g2bq1Hq0X63VSmrGmPbvwR9bbDwPdkM0=</latexit>

d



Theorem(B. 21-25): Let      be a   -regular graph on    vertices 
with second eigenvalue      and let           be fixed. Then

<latexit sha1_base64="MmcnO+qZ4XLDd+XeS67hkuG1i3U="></latexit>

G
<latexit sha1_base64="qa+9bxpHl84NlPaumrJGE9qCcVY=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIvgqsyUoi4LblxWsA9ph5LJZNrQJDMkGaEM/Qo3LhRx6+e4829Mp7PQ1gOBwznnkntPkHCmjet+O6WNza3tnfJuZW//4PCoenzS1XGqCO2QmMeqH2BNOZO0Y5jhtJ8oikXAaS+Y3i783hNVmsXywcwS6gs8lixiBBsrPQ65jYZ41BhVa27dzYHWiVeQGhRoj6pfwzAmqaDSEI61HnhuYvwMK8MIp/PKMNU0wWSKx3RgqcSCaj/LF56jC6uEKIqVfdKgXP09kWGh9UwENimwmehVbyH+5w1SE934GZNJaqgky4+ilCMTo8X1KGSKEsNnlmCimN0VkQlWmBjbUcWW4K2evE66jbp3VW/eN2utVlFHGc7gHC7Bg2towR20oQMEBDzDK7w5ynlx3p2PZbTkFDOn8AfO5w9qp5Ap</latexit>

�2
<latexit sha1_base64="RVvqO/ZdQ5LZAgqpwrWYVE7WLLA=">AAAB+HicbVC7SgNBFL0bXzE+sj46m8EgWIVdEbXSgI1lBPOAZAmzk9lkyOzsMjMbiEu+wtLGQhFbP8XOwt7OztrJo9DEAxcO59zLvff4MWdKO867lVlYXFpeya7m1tY3NvP21nZVRYkktEIiHsm6jxXlTNCKZprTeiwpDn1Oa37vcuTX+lQqFokbPYipF+KOYAEjWBupZeebfSxprBiPBDpHTssuOEVnDDRP3CkpXHzffe6Wvz7KLfut2Y5IElKhCcdKNVwn1l6KpWaE02GumSgaY9LDHdowVOCQKi8dHz5EB0ZpoyCSpoRGY/X3RIpDpQahbzpDrLtq1huJ/3mNRAdnXspEnGgqyGRRkHCkIzRKAbWZpETzgSGYSGZuRaSLJSbaZJUzIbizL8+T6lHRPSkeXzuFUgkmyMIe7MMhuHAKJbiCMlSAQAL38AhP1q31YD1bL5PWjDWd2YE/sF5/AHBil3E=</latexit>

" > 0
<latexit sha1_base64="O7b59K86TD0fVta2hrhYMK3vGtY="></latexit>

�2 �

8
>><

>>:

⌦
⇣p

d
⌘

if 1  d  n2/3

⌦ (n/d) if n2/3 < d  n3/4

⌦
�
d1/3

�
if n3/4 < d  (1/2� ")n.

New bounds for the second eigenvalue of a graph

Theorem(B., Bucić 24): Let     be a graph     on vertices with 
second eigenvalue             and maximum degree           . Then 
the multiplicity of      satisfies


Moreover, if                 , then                                   .

<latexit sha1_base64="MmcnO+qZ4XLDd+XeS67hkuG1i3U="></latexit>

G

<latexit sha1_base64="cHzqUcq0sObHYsWpadeV78L772I=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAc9JmAWSIbQ06lJ2vT0DN09QhzyBF48KOLVB/ApfAJvHn0TO8tBE39o+Pj/Krqq/JgzpR3ny8osLC4tr2RXc2vrG5tb+e2dmooSSbFKIx7Jhk8Uciawqpnm2IglktDnWPf7l6O8fodSsUjc6EGMXki6ggWMEm2simjnC07RGcueB3cKhYuP+++r97203M5/tjoRTUIUmnKiVNN1Yu2lRGpGOQ5zrURhTGifdLFpUJAQlZeOBx3ah8bp2EEkzRPaHru/O1ISKjUIfVMZEt1Ts9nI/C9rJjo491Im4kSjoJOPgoTbOrJHW9sdJpFqPjBAqGRmVpv2iCRUm9vkzBHc2ZXnoXZcdE+LJxWnUCrBRFnYhwM4AhfOoATXUIYqUEB4gCd4tm6tR+vFep2UZqxpzy78kfX2AxMFkNc=</latexit>n

<latexit sha1_base64="cHzqUcq0sObHYsWpadeV78L772I=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAc9JmAWSIbQ06lJ2vT0DN09QhzyBF48KOLVB/ApfAJvHn0TO8tBE39o+Pj/Krqq/JgzpR3ny8osLC4tr2RXc2vrG5tb+e2dmooSSbFKIx7Jhk8Uciawqpnm2IglktDnWPf7l6O8fodSsUjc6EGMXki6ggWMEm2simjnC07RGcueB3cKhYuP+++r97203M5/tjoRTUIUmnKiVNN1Yu2lRGpGOQ5zrURhTGifdLFpUJAQlZeOBx3ah8bp2EEkzRPaHru/O1ISKjUIfVMZEt1Ts9nI/C9rJjo491Im4kSjoJOPgoTbOrJHW9sdJpFqPjBAqGRmVpv2iCRUm9vkzBHc2ZXnoXZcdE+LJxWnUCrBRFnYhwM4AhfOoATXUIYqUEB4gCd4tm6tR+vFep2UZqxpzy78kfX2AxMFkNc=</latexit>n
<latexit sha1_base64="3ZlWC0VrZVi/sElG+o/JSkY4rVA=">AAAB9HicbVDJSgNBEO2JWxaXGI9eGoPgQcJMEPUY0IPHiGaBzBB6OjVJk56eSXdPIAz5Di8eFPHqrwje/Bs7y0ETHxQ83quiqp4fc6a0bX9bmY3Nre2dbC5f2N3bPygelpoqSiSFBo14JNs+UcCZgIZmmkM7lkBCn0PLH97M/NYYpGKReNSTGLyQ9AULGCXaSJ57C1wT7PZhhKvdYtmu2HPgdeIsSblWKjzUc+ef9W7xy+1FNAlBaMqJUh3HjrWXEqkZ5TDNu4mCmNAh6UPHUEFCUF46P3qKT43Sw0EkTQmN5+rviZSESk1C33SGRA/UqjcT//M6iQ6uvZSJONEg6GJRkHCsIzxLAPeYBKr5xBBCJTO3YjogklBtcsqbEJzVl9dJs1pxLisX9yaNGlogi47RCTpDDrpCNXSH6qiBKBqhJ/SCXq2x9Wy9We+L1oy1nDlCf2B9/ABH1ZNU</latexit>

� � 2

<latexit sha1_base64="n1X6QdCIbdopemm8erRo/hi0Iqs="></latexit>

m(�2)  max

⇢
n

�1�o(1)
2

, n
(log� n)1�o(1)

�
.

<latexit sha1_base64="xkGj+1erTgtFFrIK8mIRfwFyrXo=">AAAB8HicbVDLSgMxFL3js9ZXtUs3wSK4kDJTRF0W3LisYB/SDiWTybShSWZIMkIZuvEX3LhQxK2f40LwD/wGV6aPhbYeCBzOOZfce4KEM21c99NZWl5ZXVvPbeQ3t7Z3dgt7+w0dp4rQOol5rFoB1pQzSeuGGU5biaJYBJw2g8Hl2G/eUaVZLG/MMKG+wD3JIkawsdJth9toiLuVbqHklt0J0CLxZqRULX5833+NTmrdwnsnjEkqqDSEY63bnpsYP8PKMMLpKN9JNU0wGeAebVsqsaDazyYLj9CRVUIUxco+adBE/T2RYaH1UAQ2KbDp63lvLP7ntVMTXfgZk0lqqCTTj6KUIxOj8fUoZIoSw4eWYKKY3RWRPlaYGNtR3pbgzZ+8SBqVsndWPr22bVRhihwcwCEcgwfnUIUrqEEdCAh4gCd4dpTz6Lw4r9PokjObKcIfOG8/E8qUWw==</latexit>

�2

<latexit sha1_base64="qPzES++0+1NyrJjfhsv8Bv0vGN0=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsyUoq6k4MZlBfuAdiiZTKYNTTJjkimUod/hxoUibv0Yd/6NaTsLbT0QOJxzLvfmBAln2rjut1PY2Nza3inulvb2Dw6PyscnbR2nitAWiXmsugHWlDNJW4YZTruJolgEnHaC8d3c70yo0iyWj2aaUF/goWQRI9hYye9zGw3xoIZukTsoV9yquwBaJ15OKpCjOSh/9cOYpIJKQzjWuue5ifEzrAwjnM5K/VTTBJMxHtKepRILqv1scfQMXVglRFGs7JMGLdTfExkWWk9FYJMCm5Fe9ebif14vNdGNnzGZpIZKslwUpRyZGM0bQCFTlBg+tQQTxeytiIywwsTYnkq2BG/1y+ukXat6V9X6Q73SaOR1FOEMzuESPLiGBtxDE1pA4Ame4RXenInz4rw7H8towclnTuEPnM8fFI2Q/w==</latexit>

�2 > 0

<latexit sha1_base64="ooVVCG6Cn0qj1wqP03F2CHExEZU=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAc9JmAWSIbQ01NJ2vT0DN09QhzyBF48KOLVB/ApfAJvHn0TO8tBE39o+Pj/Krqq/JgzpR3ny8osLC4tr2RXc2vrG5tb+e2dmooSSbFKIx7Jhk8Uciawqpnm2IglktDnWPf7l6O8fodSsUjc6EGMXki6gnUYJdpYlaCdLzhFZyx7HtwpFC4+7r+v3vfScjv/2QoimoQoNOVEqabrxNpLidSMchzmWonCmNA+6WLToCAhKi8dDzq0D40T2J1Imie0PXZ/d6QkVGoQ+qYyJLqnZrOR+V/WTHTn3EuZiBONgk4+6iTc1pE92toOmESq+cAAoZKZWW3aI5JQbW6TM0dwZ1eeh9px0T0tnlScQqkEE2VhHw7gCFw4gxJcQxmqQAHhAZ7g2bq1Hq0X63VSmrGmPbvwR9bbDwPdkM0=</latexit>

d

<latexit sha1_base64="qVGnJvAVrRS1RkuobXa958ZvOc4=">AAACCHicbVA9SwNBEN2LX/nwI8bSwsUgRJBwJ6KWB1rYGdFEIXcJe5tJsri3d+7uCeFIaeNfsbFQxNY/INj5b9wkFhp9MPB4b4aZeUHMmdK2/WllZmbn5heyuXxhcWl5pbhaaqgokRTqNOKRvAqIAs4E1DXTHK5iCSQMOFwG10cj//IWpGKRuNCDGPyQ9ATrMkq0kdrFDYG9Htzg3VaKvWPgmrRS7zSEHqk428MhbhfLdtUeA/8lzjcpu6XCeS23815rFz+8TkSTEISmnCjVdOxY+ymRmlEOw7yXKIgJvSY9aBoqSAjKT8ePDPGWUTq4G0lTQuOx+nMiJaFSgzAwnSHRfTXtjcT/vGaiu4d+ykScaBB0sqibcKwjPEoFd5gEqvnAEEIlM7di2ieSUG2yy5sQnOmX/5LGbtXZr+6dOWXXRRNk0TraRBXkoAPkohNUQ3VE0R16QE/o2bq3Hq0X63XSmrG+Z9bQL1hvXykXmls=</latexit>

n � 2�
⌦(1) <latexit sha1_base64="q2HXMTEbWDXbamf0PUZx+vdfDPQ=">AAACHXicbVDNS8MwHE39nPOr6tFLcAgbymjHUI8FLx4n2G2wzpFm6RaWpjVJhVH7j3jxX/HiwSEevIj/jdkHopsPEh7vvR/J7/kxo1JZ1pextLyyurae28hvbm3v7Jp7+3UZJQITF0csEk0fScIoJ66iipFmLAgKfUYa/uBy7DfuiZA04jdqGJN2iHqcBhQjpaWOWQ2LHtPxLupUStBj5A56gUA45Vn6Y8ATaGf64rdpVLRLWccsWGVrArhI7BkpOKcjy62gh1rH/PC6EU5CwhVmSMqWbcWqnSKhKGYky3uJJDHCA9QjLU05Colsp5PtMnislS4MIqEPV3Ci/p5IUSjlMPR1MkSqL+e9sfif10pUcNFOKY8TRTiePhQkDKoIjquCXSoIVmyoCcKC6r9C3Ee6HKULzesS7PmVF0m9UrbPytVru+A4YIocOARHoAhscA4ccAVqwAUYPIJn8ApGxpPxYrwZ79PokjGbOQB/YHx+A9Luoss=</latexit>

m(�2)  n
�2+1 + no(1)



Theorem(B.): Assuming            , we have                            

                                                                           .

<latexit sha1_base64="rQc8QOF76hAXVSNjN7qiJvNnLaw=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCq5JIUZcFNy4r2Ac0odxMJ83QySTMTJQair/ixoUibv0Pd/6N0zYLbT1w4XDOvdx7T5ByprTjfFulldW19Y3yZmVre2d3z94/aKskk4S2SMIT2Q1AUc4EbWmmOe2mkkIccNoJRtdTv3NPpWKJuNPjlPoxDAULGQFtpL595AFPI8CeZMNIg5TJA3b6dtWpOTPgZeIWpIoKNPv2lzdISBZToQkHpXquk2o/B6kZ4XRS8TJFUyAjGNKeoQJiqvx8dv0EnxplgMNEmhIaz9TfEznESo3jwHTGoCO16E3F/7xepsMrP2cizTQVZL4ozDjWCZ5GgQdMUqL52BAgkplbMYlAAtEmsIoJwV18eZm0z2vuRa1+W682GkUcZXSMTtAZctElaqAb1EQtRNAjekav6M16sl6sd+tj3lqyiplD9AfW5w8DUpTx</latexit>

↵ ! 0
<latexit sha1_base64="3BRExjIXhpzOrGvQmdnSEftmdfY="></latexit>

N↵(r)  max
⇣�1/↵2�1

2

�
, (2 + o(1))r

⌘



Theorem(B.): Assuming            , we have                            

                                                                           .

<latexit sha1_base64="rQc8QOF76hAXVSNjN7qiJvNnLaw=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCq5JIUZcFNy4r2Ac0odxMJ83QySTMTJQair/ixoUibv0Pd/6N0zYLbT1w4XDOvdx7T5ByprTjfFulldW19Y3yZmVre2d3z94/aKskk4S2SMIT2Q1AUc4EbWmmOe2mkkIccNoJRtdTv3NPpWKJuNPjlPoxDAULGQFtpL595AFPI8CeZMNIg5TJA3b6dtWpOTPgZeIWpIoKNPv2lzdISBZToQkHpXquk2o/B6kZ4XRS8TJFUyAjGNKeoQJiqvx8dv0EnxplgMNEmhIaz9TfEznESo3jwHTGoCO16E3F/7xepsMrP2cizTQVZL4ozDjWCZ5GgQdMUqL52BAgkplbMYlAAtEmsIoJwV18eZm0z2vuRa1+W682GkUcZXSMTtAZctElaqAb1EQtRNAjekav6M16sl6sd+tj3lqyiplD9AfW5w8DUpTx</latexit>

↵ ! 0
<latexit sha1_base64="3BRExjIXhpzOrGvQmdnSEftmdfY="></latexit>

N↵(r)  max
⇣�1/↵2�1

2

�
, (2 + o(1))r

⌘

Proof sketch: Start with the Gram matrix      of the unit vectors  

                spanning    lines. Consider its largest eigenvalue     .

<latexit sha1_base64="ri4fWNOlsLvY5EKiO9ajIPohY8I=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAe9CAmYBZIh9HRqktaenqG7R4hDnsCLB0W8+gA+hU/gzaNvYmc5aOIPDR//X0VXlR9zprTjfFmZufmFxaXscm5ldW19I7+5VVNRIilWacQj2fCJQs4EVjXTHBuxRBL6HOv+7fkwr9+hVCwS17ofoxeSrmABo0Qbq3LVzhecojOSPQvuBApnH/ffF+87abmd/2x1IpqEKDTlRKmm68TaS4nUjHIc5FqJwpjQW9LFpkFBQlReOhp0YO8bp2MHkTRPaHvk/u5ISahUP/RNZUh0T01nQ/O/rJno4NRLmYgTjYKOPwoSbuvIHm5td5hEqnnfAKGSmVlt2iOSUG1ukzNHcKdXnoXaYdE9Lh5V3EKpBGNlYRf24ABcOIESXEIZqkAB4QGe4Nm6sR6tF+t1XJqxJj3b8EfW2w/hQpC3</latexit>

M
<latexit sha1_base64="GEd8wMH3GbMun1FmNjfNd0gjH+s=">AAAB+XicbVDLSsNAFJ34rPUVdSUuHCyCi1ISEXUZcOOygn1AG8JkMmmHTmbCzCRQQtf+hBsXirj1T7rzO/wBp4+Fth64cDjnXu69J0wZVdpxvqyV1bX1jc3SVnl7Z3dv3z44bCqRSUwaWDAh2yFShFFOGppqRtqpJCgJGWmFg7uJ38qJVFTwRz1MiZ+gHqcxxUgbKbDtPHCrsMsioVUV5oGRKk7NmQIuE3dOKt7xUyDGp9/1wB53I4GzhHCNGVKq4zqp9gskNcWMjMrdTJEU4QHqkY6hHCVE+cX08hE8N0oEYyFNcQ2n6u+JAiVKDZPQdCZI99WiNxH/8zqZjm/9gvI004Tj2aI4Y1ALOIkBRlQSrNnQEIQlNbdC3EcSYW3CKpsQ3MWXl0nzsuZe164e3IrngRlK4AScgQvgghvggXtQBw2AQQ6ewSt4swrrxXq3PmatK9Z85gj8gfX5A/CTlkQ=</latexit>v1, . . . , vn

<latexit sha1_base64="lA0iOaOcb/NckjQztbJkJnkAAcU=">AAAB8HicbVC7SgNBFL0bXzG+oiltBoNgIWFXRC0XbCwjmIckS5idnSRDZmaXmVkhLGn8BRsLRWz9HAvBP/AbrJw8Ck08cOFwzrncR5hwpo3rfjq5peWV1bX8emFjc2t7p7i7V9dxqgitkZjHqhliTTmTtGaY4bSZKIpFyGkjHFyO/cYdVZrF8sYMExoI3JOsywg2VrptcxuNcMfrFMtuxZ0ALRJvRsp+6eP7/mt0XO0U39tRTFJBpSEca93y3MQEGVaGEU5HhXaqaYLJAPdoy1KJBdVBNll4hA6tEqFurGxJgybq744MC62HIrRJgU1fz3tj8T+vlZruRZAxmaSGSjId1E05MjEaX48ipigxfGgJJorZXRHpY4WJsT8q2Cd48ycvkvpJxTurnF57Zd+HKfKwDwdwBB6cgw9XUIUaEBDwAE/w7Cjn0XlxXqfRnDPrKcEfOG8/EpaUWw==</latexit>

�1
<latexit sha1_base64="SGFf/4A1NZk+ng5omUS5BaHpIf4=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAc9JmAWSIbQ06lJ2vT0DN09QhzyBF48KOLVB/ApfAJvHn0TO8tBE39o+Pj/Krqq/JgzpR3ny8osLC4tr2RXc2vrG5tb+e2dmooSSbFKIx7Jhk8Uciawqpnm2IglktDnWPf7l6O8fodSsUjc6EGMXki6ggWMEm2simjnC07RGcueB3cKhYuP+++r97203M5/tjoRTUIUmnKiVNN1Yu2lRGpGOQ5zrURhTGifdLFpUJAQlZeOBx3ah8bp2EEkzRPaHru/O1ISKjUIfVMZEt1Ts9nI/C9rJjo491Im4kSjoJOPgoTbOrJHW9sdJpFqPjBAqGRmVpv2iCRUm9vkzBHc2ZXnoXZcdE+LJxW3UCrBRFnYhwM4AhfOoATXUIYqUEB4gCd4tm6tR+vFep2UZqxpzy78kfX2AxNVkNg=</latexit>n



Theorem(B.): Assuming            , we have                            

                                                                           .

<latexit sha1_base64="rQc8QOF76hAXVSNjN7qiJvNnLaw=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCq5JIUZcFNy4r2Ac0odxMJ83QySTMTJQair/ixoUibv0Pd/6N0zYLbT1w4XDOvdx7T5ByprTjfFulldW19Y3yZmVre2d3z94/aKskk4S2SMIT2Q1AUc4EbWmmOe2mkkIccNoJRtdTv3NPpWKJuNPjlPoxDAULGQFtpL595AFPI8CeZMNIg5TJA3b6dtWpOTPgZeIWpIoKNPv2lzdISBZToQkHpXquk2o/B6kZ4XRS8TJFUyAjGNKeoQJiqvx8dv0EnxplgMNEmhIaz9TfEznESo3jwHTGoCO16E3F/7xepsMrP2cizTQVZL4ozDjWCZ5GgQdMUqL52BAgkplbMYlAAtEmsIoJwV18eZm0z2vuRa1+W682GkUcZXSMTtAZctElaqAb1EQtRNAjekav6M16sl6sd+tj3lqyiplD9AfW5w8DUpTx</latexit>

↵ ! 0
<latexit sha1_base64="3BRExjIXhpzOrGvQmdnSEftmdfY="></latexit>

N↵(r)  max
⇣�1/↵2�1

2

�
, (2 + o(1))r

⌘

Proof sketch: Start with the Gram matrix      of the unit vectors  

                spanning    lines. Consider its largest eigenvalue     .

<latexit sha1_base64="ri4fWNOlsLvY5EKiO9ajIPohY8I=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAe9CAmYBZIh9HRqktaenqG7R4hDnsCLB0W8+gA+hU/gzaNvYmc5aOIPDR//X0VXlR9zprTjfFmZufmFxaXscm5ldW19I7+5VVNRIilWacQj2fCJQs4EVjXTHBuxRBL6HOv+7fkwr9+hVCwS17ofoxeSrmABo0Qbq3LVzhecojOSPQvuBApnH/ffF+87abmd/2x1IpqEKDTlRKmm68TaS4nUjHIc5FqJwpjQW9LFpkFBQlReOhp0YO8bp2MHkTRPaHvk/u5ISahUP/RNZUh0T01nQ/O/rJno4NRLmYgTjYKOPwoSbuvIHm5td5hEqnnfAKGSmVlt2iOSUG1ukzNHcKdXnoXaYdE9Lh5V3EKpBGNlYRf24ABcOIESXEIZqkAB4QGe4Nm6sR6tF+t1XJqxJj3b8EfW2w/hQpC3</latexit>

M
<latexit sha1_base64="GEd8wMH3GbMun1FmNjfNd0gjH+s=">AAAB+XicbVDLSsNAFJ34rPUVdSUuHCyCi1ISEXUZcOOygn1AG8JkMmmHTmbCzCRQQtf+hBsXirj1T7rzO/wBp4+Fth64cDjnXu69J0wZVdpxvqyV1bX1jc3SVnl7Z3dv3z44bCqRSUwaWDAh2yFShFFOGppqRtqpJCgJGWmFg7uJ38qJVFTwRz1MiZ+gHqcxxUgbKbDtPHCrsMsioVUV5oGRKk7NmQIuE3dOKt7xUyDGp9/1wB53I4GzhHCNGVKq4zqp9gskNcWMjMrdTJEU4QHqkY6hHCVE+cX08hE8N0oEYyFNcQ2n6u+JAiVKDZPQdCZI99WiNxH/8zqZjm/9gvI004Tj2aI4Y1ALOIkBRlQSrNnQEIQlNbdC3EcSYW3CKpsQ3MWXl0nzsuZe164e3IrngRlK4AScgQvgghvggXtQBw2AQQ6ewSt4swrrxXq3PmatK9Z85gj8gfX5A/CTlkQ=</latexit>v1, . . . , vn

If                          , then the first bound                      follows 
immediately from                                                                        .

<latexit sha1_base64="lA0iOaOcb/NckjQztbJkJnkAAcU=">AAAB8HicbVC7SgNBFL0bXzG+oiltBoNgIWFXRC0XbCwjmIckS5idnSRDZmaXmVkhLGn8BRsLRWz9HAvBP/AbrJw8Ck08cOFwzrncR5hwpo3rfjq5peWV1bX8emFjc2t7p7i7V9dxqgitkZjHqhliTTmTtGaY4bSZKIpFyGkjHFyO/cYdVZrF8sYMExoI3JOsywg2VrptcxuNcMfrFMtuxZ0ALRJvRsp+6eP7/mt0XO0U39tRTFJBpSEca93y3MQEGVaGEU5HhXaqaYLJAPdoy1KJBdVBNll4hA6tEqFurGxJgybq744MC62HIrRJgU1fz3tj8T+vlZruRZAxmaSGSjId1E05MjEaX48ipigxfGgJJorZXRHpY4WJsT8q2Cd48ycvkvpJxTurnF57Zd+HKfKwDwdwBB6cgw9XUIUaEBDwAE/w7Cjn0XlxXqfRnDPrKcEfOG8/EpaUWw==</latexit>

�1

<latexit sha1_base64="avnZ5Ln27Az5FI960+xAAPK8qbk="></latexit>

�1  1
2

�
1
↵2 � 1

�

<latexit sha1_base64="SGFf/4A1NZk+ng5omUS5BaHpIf4=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAc9JmAWSIbQ06lJ2vT0DN09QhzyBF48KOLVB/ApfAJvHn0TO8tBE39o+Pj/Krqq/JgzpR3ny8osLC4tr2RXc2vrG5tb+e2dmooSSbFKIx7Jhk8Uciawqpnm2IglktDnWPf7l6O8fodSsUjc6EGMXki6ggWMEm2simjnC07RGcueB3cKhYuP+++r97203M5/tjoRTUIUmnKiVNN1Yu2lRGpGOQ5zrURhTGifdLFpUJAQlZeOBx3ah8bp2EEkzRPaHru/O1ISKjUIfVMZEt1Ts9nI/C9rJjo491Im4kSjoJOPgoTbOrJHW9sdJpFqPjBAqGRmVpv2iCRUm9vkzBHc2ZXnoXZcdE+LJxW3UCrBRFnYhwM4AhfOoATXUIYqUEB4gCd4tm6tR+vFep2UZqxpzy78kfX2AxNVkNg=</latexit>n
<latexit sha1_base64="UKiR1xA13bSeXSarepEJ+0Q4urg=">AAACCHicbVDLSsNAFJ3UR2t9RV26cLAIbqxJ8bUMuHHZgn1AE8tkOmmHTiZxZiKUkKUbf8WNC0Xc+gnu/AHxM5w+Ftp64MLhnHu59x4/ZlQqy/o0cguLS8v5wkpxdW19Y9Pc2m7IKBGY1HHEItHykSSMclJXVDHSigVBoc9I0x9cjvzmHRGSRvxaDWPihajHaUAxUlrqmHscuozcQtenPApT+9hFLO6jmwo8srO0knXMklW2xoDzxJ6SkgNr31+F/Gm1Y3643QgnIeEKMyRl27Zi5aVIKIoZyYpuIkmM8AD1SFtTjkIivXT8SAYPtNKFQSR0cQXH6u+JFIVSDkNfd4ZI9eWsNxL/89qJCi68lPI4UYTjyaIgYVBFcJQK7FJBsGJDTRAWVN8KcR8JhJXOrqhDsGdfnieNStk+K5/U7JLjgAkKYBfsg0Ngg3PggCtQBXWAwT14BM/gxXgwnoxX423SmjOmMzvgD4z3H48bm1c=</latexit>

n 
�1/↵2�1

2

�
<latexit sha1_base64="7QpZy6maQcAaw10GXui8MgR8aV8="></latexit>

n(1 + ↵2(n� 1)) = tr(M2)  �1tr(M) = �1n



Theorem(B.): Assuming            , we have                            

                                                                           .

<latexit sha1_base64="rQc8QOF76hAXVSNjN7qiJvNnLaw=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCq5JIUZcFNy4r2Ac0odxMJ83QySTMTJQair/ixoUibv0Pd/6N0zYLbT1w4XDOvdx7T5ByprTjfFulldW19Y3yZmVre2d3z94/aKskk4S2SMIT2Q1AUc4EbWmmOe2mkkIccNoJRtdTv3NPpWKJuNPjlPoxDAULGQFtpL595AFPI8CeZMNIg5TJA3b6dtWpOTPgZeIWpIoKNPv2lzdISBZToQkHpXquk2o/B6kZ4XRS8TJFUyAjGNKeoQJiqvx8dv0EnxplgMNEmhIaz9TfEznESo3jwHTGoCO16E3F/7xepsMrP2cizTQVZL4ozDjWCZ5GgQdMUqL52BAgkplbMYlAAtEmsIoJwV18eZm0z2vuRa1+W682GkUcZXSMTtAZctElaqAb1EQtRNAjekav6M16sl6sd+tj3lqyiplD9AfW5w8DUpTx</latexit>

↵ ! 0
<latexit sha1_base64="3BRExjIXhpzOrGvQmdnSEftmdfY="></latexit>

N↵(r)  max
⇣�1/↵2�1

2

�
, (2 + o(1))r

⌘

Proof sketch: Start with the Gram matrix      of the unit vectors  

                spanning    lines. Consider its largest eigenvalue     .

<latexit sha1_base64="ri4fWNOlsLvY5EKiO9ajIPohY8I=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAe9CAmYBZIh9HRqktaenqG7R4hDnsCLB0W8+gA+hU/gzaNvYmc5aOIPDR//X0VXlR9zprTjfFmZufmFxaXscm5ldW19I7+5VVNRIilWacQj2fCJQs4EVjXTHBuxRBL6HOv+7fkwr9+hVCwS17ofoxeSrmABo0Qbq3LVzhecojOSPQvuBApnH/ffF+87abmd/2x1IpqEKDTlRKmm68TaS4nUjHIc5FqJwpjQW9LFpkFBQlReOhp0YO8bp2MHkTRPaHvk/u5ISahUP/RNZUh0T01nQ/O/rJno4NRLmYgTjYKOPwoSbuvIHm5td5hEqnnfAKGSmVlt2iOSUG1ukzNHcKdXnoXaYdE9Lh5V3EKpBGNlYRf24ABcOIESXEIZqkAB4QGe4Nm6sR6tF+t1XJqxJj3b8EfW2w/hQpC3</latexit>

M

Otherwise, we can assume that                           and                     .

<latexit sha1_base64="GEd8wMH3GbMun1FmNjfNd0gjH+s=">AAAB+XicbVDLSsNAFJ34rPUVdSUuHCyCi1ISEXUZcOOygn1AG8JkMmmHTmbCzCRQQtf+hBsXirj1T7rzO/wBp4+Fth64cDjnXu69J0wZVdpxvqyV1bX1jc3SVnl7Z3dv3z44bCqRSUwaWDAh2yFShFFOGppqRtqpJCgJGWmFg7uJ38qJVFTwRz1MiZ+gHqcxxUgbKbDtPHCrsMsioVUV5oGRKk7NmQIuE3dOKt7xUyDGp9/1wB53I4GzhHCNGVKq4zqp9gskNcWMjMrdTJEU4QHqkY6hHCVE+cX08hE8N0oEYyFNcQ2n6u+JAiVKDZPQdCZI99WiNxH/8zqZjm/9gvI004Tj2aI4Y1ALOIkBRlQSrNnQEIQlNbdC3EcSYW3CKpsQ3MWXl0nzsuZe164e3IrngRlK4AScgQvgghvggXtQBw2AQQ6ewSt4swrrxXq3PmatK9Z85gj8gfX5A/CTlkQ=</latexit>v1, . . . , vn

If                          , then the first bound                      follows 
immediately from                                                                        .

<latexit sha1_base64="lA0iOaOcb/NckjQztbJkJnkAAcU=">AAAB8HicbVC7SgNBFL0bXzG+oiltBoNgIWFXRC0XbCwjmIckS5idnSRDZmaXmVkhLGn8BRsLRWz9HAvBP/AbrJw8Ck08cOFwzrncR5hwpo3rfjq5peWV1bX8emFjc2t7p7i7V9dxqgitkZjHqhliTTmTtGaY4bSZKIpFyGkjHFyO/cYdVZrF8sYMExoI3JOsywg2VrptcxuNcMfrFMtuxZ0ALRJvRsp+6eP7/mt0XO0U39tRTFJBpSEca93y3MQEGVaGEU5HhXaqaYLJAPdoy1KJBdVBNll4hA6tEqFurGxJgybq744MC62HIrRJgU1fz3tj8T+vlZruRZAxmaSGSjId1E05MjEaX48ipigxfGgJJorZXRHpY4WJsT8q2Cd48ycvkvpJxTurnF57Zd+HKfKwDwdwBB6cgw9XUIUaEBDwAE/w7Cjn0XlxXqfRnDPrKcEfOG8/EpaUWw==</latexit>

�1

<latexit sha1_base64="avnZ5Ln27Az5FI960+xAAPK8qbk="></latexit>

�1  1
2

�
1
↵2 � 1

�

<latexit sha1_base64="SGFf/4A1NZk+ng5omUS5BaHpIf4=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAc9JmAWSIbQ06lJ2vT0DN09QhzyBF48KOLVB/ApfAJvHn0TO8tBE39o+Pj/Krqq/JgzpR3ny8osLC4tr2RXc2vrG5tb+e2dmooSSbFKIx7Jhk8Uciawqpnm2IglktDnWPf7l6O8fodSsUjc6EGMXki6ggWMEm2simjnC07RGcueB3cKhYuP+++r97203M5/tjoRTUIUmnKiVNN1Yu2lRGpGOQ5zrURhTGifdLFpUJAQlZeOBx3ah8bp2EEkzRPaHru/O1ISKjUIfVMZEt1Ts9nI/C9rJjo491Im4kSjoJOPgoTbOrJHW9sdJpFqPjBAqGRmVpv2iCRUm9vkzBHc2ZXnoXZcdE+LJxW3UCrBRFnYhwM4AhfOoATXUIYqUEB4gCd4tm6tR+vFep2UZqxpzy78kfX2AxNVkNg=</latexit>n
<latexit sha1_base64="UKiR1xA13bSeXSarepEJ+0Q4urg=">AAACCHicbVDLSsNAFJ3UR2t9RV26cLAIbqxJ8bUMuHHZgn1AE8tkOmmHTiZxZiKUkKUbf8WNC0Xc+gnu/AHxM5w+Ftp64MLhnHu59x4/ZlQqy/o0cguLS8v5wkpxdW19Y9Pc2m7IKBGY1HHEItHykSSMclJXVDHSigVBoc9I0x9cjvzmHRGSRvxaDWPihajHaUAxUlrqmHscuozcQtenPApT+9hFLO6jmwo8srO0knXMklW2xoDzxJ6SkgNr31+F/Gm1Y3643QgnIeEKMyRl27Zi5aVIKIoZyYpuIkmM8AD1SFtTjkIivXT8SAYPtNKFQSR0cQXH6u+JFIVSDkNfd4ZI9eWsNxL/89qJCi68lPI4UYTjyaIgYVBFcJQK7FJBsGJDTRAWVN8KcR8JhJXOrqhDsGdfnieNStk+K5/U7JLjgAkKYBfsg0Ngg3PggCtQBXWAwT14BM/gxXgwnoxX423SmjOmMzvgD4z3H48bm1c=</latexit>

n 
�1/↵2�1

2

�
<latexit sha1_base64="7QpZy6maQcAaw10GXui8MgR8aV8="></latexit>

n(1 + ↵2(n� 1)) = tr(M2)  �1tr(M) = �1n

<latexit sha1_base64="vX6Voe0DOdYmXGsG4HWRJQqZMrM="></latexit>

�1 > 1
2

�
1
↵2 � 1

� <latexit sha1_base64="eLYyGtV5N1snE5PnIGG7IhceiCg=">AAACCHicbVDLSsNAFJ3UR2t9RV26cLAIbqxJ8bUMuHHZgn1AE8tkOmmHTiZxZiKUkKUbf8WNC0Xc+gnu/AHxM5w+Ftp64MLhnHu59x4/ZlQqy/o0cguLS8v5wkpxdW19Y9Pc2m7IKBGY1HHEItHykSSMclJXVDHSigVBoc9I0x9cjvzmHRGSRvxaDWPihajHaUAxUlrqmHscuj1yC12f8ihM7WMXsbiPbirwyM7SStYxS1bZGgPOE3tKSg6sfX8V8qfVjvnhdiOchIQrzJCUbduKlZcioShmJCu6iSQxwgPUI21NOQqJ9NLxIxk80EoXBpHQxRUcq78nUhRKOQx93Rki1Zez3kj8z2snKrjwUsrjRBGOJ4uChEEVwVEqsEsFwYoNNUFYUH0rxH0kEFY6u6IOwZ59eZ40KmX7rHxSs0uOAyYogF2wDw6BDc6BA65AFdQBBvfgETyDF+PBeDJejbdJa86YzuyAPzDefwCHAJtS</latexit>

n �
�1/↵2�1

2

�



“Switching argument”: negate some of the vectors so that the 
eigenvector    corresponding to     has all nonnegative entries.

Theorem(B.): Assuming            , we have                            

                                                                           .

<latexit sha1_base64="rQc8QOF76hAXVSNjN7qiJvNnLaw=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCq5JIUZcFNy4r2Ac0odxMJ83QySTMTJQair/ixoUibv0Pd/6N0zYLbT1w4XDOvdx7T5ByprTjfFulldW19Y3yZmVre2d3z94/aKskk4S2SMIT2Q1AUc4EbWmmOe2mkkIccNoJRtdTv3NPpWKJuNPjlPoxDAULGQFtpL595AFPI8CeZMNIg5TJA3b6dtWpOTPgZeIWpIoKNPv2lzdISBZToQkHpXquk2o/B6kZ4XRS8TJFUyAjGNKeoQJiqvx8dv0EnxplgMNEmhIaz9TfEznESo3jwHTGoCO16E3F/7xepsMrP2cizTQVZL4ozDjWCZ5GgQdMUqL52BAgkplbMYlAAtEmsIoJwV18eZm0z2vuRa1+W682GkUcZXSMTtAZctElaqAb1EQtRNAjekav6M16sl6sd+tj3lqyiplD9AfW5w8DUpTx</latexit>

↵ ! 0
<latexit sha1_base64="3BRExjIXhpzOrGvQmdnSEftmdfY="></latexit>

N↵(r)  max
⇣�1/↵2�1

2

�
, (2 + o(1))r

⌘

Proof sketch: Start with the Gram matrix      of the unit vectors  

                spanning    lines. Consider its largest eigenvalue     .

<latexit sha1_base64="ri4fWNOlsLvY5EKiO9ajIPohY8I=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAe9CAmYBZIh9HRqktaenqG7R4hDnsCLB0W8+gA+hU/gzaNvYmc5aOIPDR//X0VXlR9zprTjfFmZufmFxaXscm5ldW19I7+5VVNRIilWacQj2fCJQs4EVjXTHBuxRBL6HOv+7fkwr9+hVCwS17ofoxeSrmABo0Qbq3LVzhecojOSPQvuBApnH/ffF+87abmd/2x1IpqEKDTlRKmm68TaS4nUjHIc5FqJwpjQW9LFpkFBQlReOhp0YO8bp2MHkTRPaHvk/u5ISahUP/RNZUh0T01nQ/O/rJno4NRLmYgTjYKOPwoSbuvIHm5td5hEqnnfAKGSmVlt2iOSUG1ukzNHcKdXnoXaYdE9Lh5V3EKpBGNlYRf24ABcOIESXEIZqkAB4QGe4Nm6sR6tF+t1XJqxJj3b8EfW2w/hQpC3</latexit>

M

Otherwise, we can assume that                           and                     .

<latexit sha1_base64="GEd8wMH3GbMun1FmNjfNd0gjH+s=">AAAB+XicbVDLSsNAFJ34rPUVdSUuHCyCi1ISEXUZcOOygn1AG8JkMmmHTmbCzCRQQtf+hBsXirj1T7rzO/wBp4+Fth64cDjnXu69J0wZVdpxvqyV1bX1jc3SVnl7Z3dv3z44bCqRSUwaWDAh2yFShFFOGppqRtqpJCgJGWmFg7uJ38qJVFTwRz1MiZ+gHqcxxUgbKbDtPHCrsMsioVUV5oGRKk7NmQIuE3dOKt7xUyDGp9/1wB53I4GzhHCNGVKq4zqp9gskNcWMjMrdTJEU4QHqkY6hHCVE+cX08hE8N0oEYyFNcQ2n6u+JAiVKDZPQdCZI99WiNxH/8zqZjm/9gvI004Tj2aI4Y1ALOIkBRlQSrNnQEIQlNbdC3EcSYW3CKpsQ3MWXl0nzsuZe164e3IrngRlK4AScgQvgghvggXtQBw2AQQ6ewSt4swrrxXq3PmatK9Z85gj8gfX5A/CTlkQ=</latexit>v1, . . . , vn

If                          , then the first bound                      follows 
immediately from                                                                        .

<latexit sha1_base64="lA0iOaOcb/NckjQztbJkJnkAAcU=">AAAB8HicbVC7SgNBFL0bXzG+oiltBoNgIWFXRC0XbCwjmIckS5idnSRDZmaXmVkhLGn8BRsLRWz9HAvBP/AbrJw8Ck08cOFwzrncR5hwpo3rfjq5peWV1bX8emFjc2t7p7i7V9dxqgitkZjHqhliTTmTtGaY4bSZKIpFyGkjHFyO/cYdVZrF8sYMExoI3JOsywg2VrptcxuNcMfrFMtuxZ0ALRJvRsp+6eP7/mt0XO0U39tRTFJBpSEca93y3MQEGVaGEU5HhXaqaYLJAPdoy1KJBdVBNll4hA6tEqFurGxJgybq744MC62HIrRJgU1fz3tj8T+vlZruRZAxmaSGSjId1E05MjEaX48ipigxfGgJJorZXRHpY4WJsT8q2Cd48ycvkvpJxTurnF57Zd+HKfKwDwdwBB6cgw9XUIUaEBDwAE/w7Cjn0XlxXqfRnDPrKcEfOG8/EpaUWw==</latexit>

�1

<latexit sha1_base64="avnZ5Ln27Az5FI960+xAAPK8qbk="></latexit>

�1  1
2

�
1
↵2 � 1

�

<latexit sha1_base64="SGFf/4A1NZk+ng5omUS5BaHpIf4=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAc9JmAWSIbQ06lJ2vT0DN09QhzyBF48KOLVB/ApfAJvHn0TO8tBE39o+Pj/Krqq/JgzpR3ny8osLC4tr2RXc2vrG5tb+e2dmooSSbFKIx7Jhk8Uciawqpnm2IglktDnWPf7l6O8fodSsUjc6EGMXki6ggWMEm2simjnC07RGcueB3cKhYuP+++r97203M5/tjoRTUIUmnKiVNN1Yu2lRGpGOQ5zrURhTGifdLFpUJAQlZeOBx3ah8bp2EEkzRPaHru/O1ISKjUIfVMZEt1Ts9nI/C9rJjo491Im4kSjoJOPgoTbOrJHW9sdJpFqPjBAqGRmVpv2iCRUm9vkzBHc2ZXnoXZcdE+LJxW3UCrBRFnYhwM4AhfOoATXUIYqUEB4gCd4tm6tR+vFep2UZqxpzy78kfX2AxNVkNg=</latexit>n
<latexit sha1_base64="UKiR1xA13bSeXSarepEJ+0Q4urg=">AAACCHicbVDLSsNAFJ3UR2t9RV26cLAIbqxJ8bUMuHHZgn1AE8tkOmmHTiZxZiKUkKUbf8WNC0Xc+gnu/AHxM5w+Ftp64MLhnHu59x4/ZlQqy/o0cguLS8v5wkpxdW19Y9Pc2m7IKBGY1HHEItHykSSMclJXVDHSigVBoc9I0x9cjvzmHRGSRvxaDWPihajHaUAxUlrqmHscuozcQtenPApT+9hFLO6jmwo8srO0knXMklW2xoDzxJ6SkgNr31+F/Gm1Y3643QgnIeEKMyRl27Zi5aVIKIoZyYpuIkmM8AD1SFtTjkIivXT8SAYPtNKFQSR0cQXH6u+JFIVSDkNfd4ZI9eWsNxL/89qJCi68lPI4UYTjyaIgYVBFcJQK7FJBsGJDTRAWVN8KcR8JhJXOrqhDsGdfnieNStk+K5/U7JLjgAkKYBfsg0Ngg3PggCtQBXWAwT14BM/gxXgwnoxX423SmjOmMzvgD4z3H48bm1c=</latexit>

n 
�1/↵2�1

2

�
<latexit sha1_base64="7QpZy6maQcAaw10GXui8MgR8aV8="></latexit>

n(1 + ↵2(n� 1)) = tr(M2)  �1tr(M) = �1n

<latexit sha1_base64="vX6Voe0DOdYmXGsG4HWRJQqZMrM="></latexit>

�1 > 1
2

�
1
↵2 � 1

�

<latexit sha1_base64="lA0iOaOcb/NckjQztbJkJnkAAcU=">AAAB8HicbVC7SgNBFL0bXzG+oiltBoNgIWFXRC0XbCwjmIckS5idnSRDZmaXmVkhLGn8BRsLRWz9HAvBP/AbrJw8Ck08cOFwzrncR5hwpo3rfjq5peWV1bX8emFjc2t7p7i7V9dxqgitkZjHqhliTTmTtGaY4bSZKIpFyGkjHFyO/cYdVZrF8sYMExoI3JOsywg2VrptcxuNcMfrFMtuxZ0ALRJvRsp+6eP7/mt0XO0U39tRTFJBpSEca93y3MQEGVaGEU5HhXaqaYLJAPdoy1KJBdVBNll4hA6tEqFurGxJgybq744MC62HIrRJgU1fz3tj8T+vlZruRZAxmaSGSjId1E05MjEaX48ipigxfGgJJorZXRHpY4WJsT8q2Cd48ycvkvpJxTurnF57Zd+HKfKwDwdwBB6cgw9XUIUaEBDwAE/w7Cjn0XlxXqfRnDPrKcEfOG8/EpaUWw==</latexit>

�1
<latexit sha1_base64="Hce7rj4ZvAC5SzPJ98GlbF/9eIc=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAc9JmAWSIbQ06lJ2vT0DN09YhzyBF48KOLVB/ApfAJvHn0TO8tBoz80fPx/FV1VfsyZ0o7zaWXm5hcWl7LLuZXVtfWN/OZWTUWJpFilEY9kwycKORNY1UxzbMQSSehzrPv981Fev0GpWCSu9CBGLyRdwQJGiTZW5badLzhFZyz7L7hTKJy9331dvO2k5Xb+o9WJaBKi0JQTpZquE2svJVIzynGYayUKY0L7pItNg4KEqLx0POjQ3jdOxw4iaZ7Q9tj92ZGSUKlB6JvKkOiems1G5n9ZM9HBqZcyEScaBZ18FCTc1pE92truMIlU84EBQiUzs9q0RySh2twmZ47gzq78F2qHRfe4eFRxC6USTJSFXdiDA3DhBEpwCWWoAgWEe3iEJ+vaerCerZdJacaa9mzDL1mv3yJ9kOI=</latexit>x

<latexit sha1_base64="eLYyGtV5N1snE5PnIGG7IhceiCg=">AAACCHicbVDLSsNAFJ3UR2t9RV26cLAIbqxJ8bUMuHHZgn1AE8tkOmmHTiZxZiKUkKUbf8WNC0Xc+gnu/AHxM5w+Ftp64MLhnHu59x4/ZlQqy/o0cguLS8v5wkpxdW19Y9Pc2m7IKBGY1HHEItHykSSMclJXVDHSigVBoc9I0x9cjvzmHRGSRvxaDWPihajHaUAxUlrqmHscuj1yC12f8ihM7WMXsbiPbirwyM7SStYxS1bZGgPOE3tKSg6sfX8V8qfVjvnhdiOchIQrzJCUbduKlZcioShmJCu6iSQxwgPUI21NOQqJ9NLxIxk80EoXBpHQxRUcq78nUhRKOQx93Rki1Zez3kj8z2snKrjwUsrjRBGOJ4uChEEVwVEqsEsFwYoNNUFYUH0rxH0kEFY6u6IOwZ59eZ40KmX7rHxSs0uOAyYogF2wDw6BDc6BA65AFdQBBvfgETyDF+PBeDJejbdJa86YzuyAPzDefwCHAJtS</latexit>

n �
�1/↵2�1

2

�



“Switching argument”: negate some of the vectors so that the 
eigenvector    corresponding to     has all nonnegative entries.

Theorem(B.): Assuming            , we have                            

                                                                           .

<latexit sha1_base64="rQc8QOF76hAXVSNjN7qiJvNnLaw=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCq5JIUZcFNy4r2Ac0odxMJ83QySTMTJQair/ixoUibv0Pd/6N0zYLbT1w4XDOvdx7T5ByprTjfFulldW19Y3yZmVre2d3z94/aKskk4S2SMIT2Q1AUc4EbWmmOe2mkkIccNoJRtdTv3NPpWKJuNPjlPoxDAULGQFtpL595AFPI8CeZMNIg5TJA3b6dtWpOTPgZeIWpIoKNPv2lzdISBZToQkHpXquk2o/B6kZ4XRS8TJFUyAjGNKeoQJiqvx8dv0EnxplgMNEmhIaz9TfEznESo3jwHTGoCO16E3F/7xepsMrP2cizTQVZL4ozDjWCZ5GgQdMUqL52BAgkplbMYlAAtEmsIoJwV18eZm0z2vuRa1+W682GkUcZXSMTtAZctElaqAb1EQtRNAjekav6M16sl6sd+tj3lqyiplD9AfW5w8DUpTx</latexit>

↵ ! 0
<latexit sha1_base64="3BRExjIXhpzOrGvQmdnSEftmdfY="></latexit>

N↵(r)  max
⇣�1/↵2�1

2

�
, (2 + o(1))r

⌘

Proof sketch: Start with the Gram matrix      of the unit vectors  

                spanning    lines. Consider its largest eigenvalue     .

<latexit sha1_base64="ri4fWNOlsLvY5EKiO9ajIPohY8I=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAe9CAmYBZIh9HRqktaenqG7R4hDnsCLB0W8+gA+hU/gzaNvYmc5aOIPDR//X0VXlR9zprTjfFmZufmFxaXscm5ldW19I7+5VVNRIilWacQj2fCJQs4EVjXTHBuxRBL6HOv+7fkwr9+hVCwS17ofoxeSrmABo0Qbq3LVzhecojOSPQvuBApnH/ffF+87abmd/2x1IpqEKDTlRKmm68TaS4nUjHIc5FqJwpjQW9LFpkFBQlReOhp0YO8bp2MHkTRPaHvk/u5ISahUP/RNZUh0T01nQ/O/rJno4NRLmYgTjYKOPwoSbuvIHm5td5hEqnnfAKGSmVlt2iOSUG1ukzNHcKdXnoXaYdE9Lh5V3EKpBGNlYRf24ABcOIESXEIZqkAB4QGe4Nm6sR6tF+t1XJqxJj3b8EfW2w/hQpC3</latexit>

M

Otherwise, we can assume that                           and                     .

<latexit sha1_base64="GEd8wMH3GbMun1FmNjfNd0gjH+s=">AAAB+XicbVDLSsNAFJ34rPUVdSUuHCyCi1ISEXUZcOOygn1AG8JkMmmHTmbCzCRQQtf+hBsXirj1T7rzO/wBp4+Fth64cDjnXu69J0wZVdpxvqyV1bX1jc3SVnl7Z3dv3z44bCqRSUwaWDAh2yFShFFOGppqRtqpJCgJGWmFg7uJ38qJVFTwRz1MiZ+gHqcxxUgbKbDtPHCrsMsioVUV5oGRKk7NmQIuE3dOKt7xUyDGp9/1wB53I4GzhHCNGVKq4zqp9gskNcWMjMrdTJEU4QHqkY6hHCVE+cX08hE8N0oEYyFNcQ2n6u+JAiVKDZPQdCZI99WiNxH/8zqZjm/9gvI004Tj2aI4Y1ALOIkBRlQSrNnQEIQlNbdC3EcSYW3CKpsQ3MWXl0nzsuZe164e3IrngRlK4AScgQvgghvggXtQBw2AQQ6ewSt4swrrxXq3PmatK9Z85gj8gfX5A/CTlkQ=</latexit>v1, . . . , vn

If                          , then the first bound                      follows 
immediately from                                                                        .

<latexit sha1_base64="lA0iOaOcb/NckjQztbJkJnkAAcU=">AAAB8HicbVC7SgNBFL0bXzG+oiltBoNgIWFXRC0XbCwjmIckS5idnSRDZmaXmVkhLGn8BRsLRWz9HAvBP/AbrJw8Ck08cOFwzrncR5hwpo3rfjq5peWV1bX8emFjc2t7p7i7V9dxqgitkZjHqhliTTmTtGaY4bSZKIpFyGkjHFyO/cYdVZrF8sYMExoI3JOsywg2VrptcxuNcMfrFMtuxZ0ALRJvRsp+6eP7/mt0XO0U39tRTFJBpSEca93y3MQEGVaGEU5HhXaqaYLJAPdoy1KJBdVBNll4hA6tEqFurGxJgybq744MC62HIrRJgU1fz3tj8T+vlZruRZAxmaSGSjId1E05MjEaX48ipigxfGgJJorZXRHpY4WJsT8q2Cd48ycvkvpJxTurnF57Zd+HKfKwDwdwBB6cgw9XUIUaEBDwAE/w7Cjn0XlxXqfRnDPrKcEfOG8/EpaUWw==</latexit>

�1

<latexit sha1_base64="avnZ5Ln27Az5FI960+xAAPK8qbk="></latexit>

�1  1
2

�
1
↵2 � 1

�

<latexit sha1_base64="SGFf/4A1NZk+ng5omUS5BaHpIf4=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAc9JmAWSIbQ06lJ2vT0DN09QhzyBF48KOLVB/ApfAJvHn0TO8tBE39o+Pj/Krqq/JgzpR3ny8osLC4tr2RXc2vrG5tb+e2dmooSSbFKIx7Jhk8Uciawqpnm2IglktDnWPf7l6O8fodSsUjc6EGMXki6ggWMEm2simjnC07RGcueB3cKhYuP+++r97203M5/tjoRTUIUmnKiVNN1Yu2lRGpGOQ5zrURhTGifdLFpUJAQlZeOBx3ah8bp2EEkzRPaHru/O1ISKjUIfVMZEt1Ts9nI/C9rJjo491Im4kSjoJOPgoTbOrJHW9sdJpFqPjBAqGRmVpv2iCRUm9vkzBHc2ZXnoXZcdE+LJxW3UCrBRFnYhwM4AhfOoATXUIYqUEB4gCd4tm6tR+vFep2UZqxpzy78kfX2AxNVkNg=</latexit>n
<latexit sha1_base64="UKiR1xA13bSeXSarepEJ+0Q4urg=">AAACCHicbVDLSsNAFJ3UR2t9RV26cLAIbqxJ8bUMuHHZgn1AE8tkOmmHTiZxZiKUkKUbf8WNC0Xc+gnu/AHxM5w+Ftp64MLhnHu59x4/ZlQqy/o0cguLS8v5wkpxdW19Y9Pc2m7IKBGY1HHEItHykSSMclJXVDHSigVBoc9I0x9cjvzmHRGSRvxaDWPihajHaUAxUlrqmHscuozcQtenPApT+9hFLO6jmwo8srO0knXMklW2xoDzxJ6SkgNr31+F/Gm1Y3643QgnIeEKMyRl27Zi5aVIKIoZyYpuIkmM8AD1SFtTjkIivXT8SAYPtNKFQSR0cQXH6u+JFIVSDkNfd4ZI9eWsNxL/89qJCi68lPI4UYTjyaIgYVBFcJQK7FJBsGJDTRAWVN8KcR8JhJXOrqhDsGdfnieNStk+K5/U7JLjgAkKYBfsg0Ngg3PggCtQBXWAwT14BM/gxXgwnoxX423SmjOmMzvgD4z3H48bm1c=</latexit>

n 
�1/↵2�1

2

�
<latexit sha1_base64="7QpZy6maQcAaw10GXui8MgR8aV8="></latexit>

n(1 + ↵2(n� 1)) = tr(M2)  �1tr(M) = �1n

<latexit sha1_base64="vX6Voe0DOdYmXGsG4HWRJQqZMrM="></latexit>

�1 > 1
2

�
1
↵2 � 1

�

<latexit sha1_base64="lA0iOaOcb/NckjQztbJkJnkAAcU=">AAAB8HicbVC7SgNBFL0bXzG+oiltBoNgIWFXRC0XbCwjmIckS5idnSRDZmaXmVkhLGn8BRsLRWz9HAvBP/AbrJw8Ck08cOFwzrncR5hwpo3rfjq5peWV1bX8emFjc2t7p7i7V9dxqgitkZjHqhliTTmTtGaY4bSZKIpFyGkjHFyO/cYdVZrF8sYMExoI3JOsywg2VrptcxuNcMfrFMtuxZ0ALRJvRsp+6eP7/mt0XO0U39tRTFJBpSEca93y3MQEGVaGEU5HhXaqaYLJAPdoy1KJBdVBNll4hA6tEqFurGxJgybq744MC62HIrRJgU1fz3tj8T+vlZruRZAxmaSGSjId1E05MjEaX48ipigxfGgJJorZXRHpY4WJsT8q2Cd48ycvkvpJxTurnF57Zd+HKfKwDwdwBB6cgw9XUIUaEBDwAE/w7Cjn0XlxXqfRnDPrKcEfOG8/EpaUWw==</latexit>

�1

Consider the graph with vertices                 such that        forms 
an edge if and only if                      .

<latexit sha1_base64="Hce7rj4ZvAC5SzPJ98GlbF/9eIc=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAc9JmAWSIbQ06lJ2vT0DN09YhzyBF48KOLVB/ApfAJvHn0TO8tBoz80fPx/FV1VfsyZ0o7zaWXm5hcWl7LLuZXVtfWN/OZWTUWJpFilEY9kwycKORNY1UxzbMQSSehzrPv981Fev0GpWCSu9CBGLyRdwQJGiTZW5badLzhFZyz7L7hTKJy9331dvO2k5Xb+o9WJaBKi0JQTpZquE2svJVIzynGYayUKY0L7pItNg4KEqLx0POjQ3jdOxw4iaZ7Q9tj92ZGSUKlB6JvKkOiems1G5n9ZM9HBqZcyEScaBZ18FCTc1pE92truMIlU84EBQiUzs9q0RySh2twmZ47gzq78F2qHRfe4eFRxC6USTJSFXdiDA3DhBEpwCWWoAgWEe3iEJ+vaerCerZdJacaa9mzDL1mv3yJ9kOI=</latexit>x

<latexit sha1_base64="GEd8wMH3GbMun1FmNjfNd0gjH+s=">AAAB+XicbVDLSsNAFJ34rPUVdSUuHCyCi1ISEXUZcOOygn1AG8JkMmmHTmbCzCRQQtf+hBsXirj1T7rzO/wBp4+Fth64cDjnXu69J0wZVdpxvqyV1bX1jc3SVnl7Z3dv3z44bCqRSUwaWDAh2yFShFFOGppqRtqpJCgJGWmFg7uJ38qJVFTwRz1MiZ+gHqcxxUgbKbDtPHCrsMsioVUV5oGRKk7NmQIuE3dOKt7xUyDGp9/1wB53I4GzhHCNGVKq4zqp9gskNcWMjMrdTJEU4QHqkY6hHCVE+cX08hE8N0oEYyFNcQ2n6u+JAiVKDZPQdCZI99WiNxH/8zqZjm/9gvI004Tj2aI4Y1ALOIkBRlQSrNnQEIQlNbdC3EcSYW3CKpsQ3MWXl0nzsuZe164e3IrngRlK4AScgQvgghvggXtQBw2AQQ6ewSt4swrrxXq3PmatK9Z85gj8gfX5A/CTlkQ=</latexit>v1, . . . , vn
<latexit sha1_base64="KcC6ys9RD9RQddReWCMNLy6x7lg=">AAAB7nicbZDLSsNAFIZP6q3WW9WlIEOL4KokIuoy4MZlBXuBNoTJZNKOnWTCzKRQQlc+gRsXiog7n8edj+LO6WWhrT8MfPz/Ocw5J0g5U9q2v6zCyura+kZxs7S1vbO7V94/aCqRSUIbRHAh2wFWlLOENjTTnLZTSXEccNoKBteTvDWkUjGR3OlRSr0Y9xIWMYK1sVpDn6Ghf++Xq3bNngotgzOHqlt5f/g+DkXdL392Q0GymCaacKxUx7FT7eVYakY4HZe6maIpJgPcox2DCY6p8vLpuGN0YpwQRUKal2g0dX935DhWahQHpjLGuq8Ws4n5X9bJdHTl5SxJM00TMvsoyjjSAk12RyGTlGg+MoCJZGZWRPpYYqLNhUrmCM7iysvQPKs5F7XzW6fqujBTEY6gAqfgwCW4cAN1aACBATzCM7xYqfVkvVpvs9KCNe85hD+yPn4ArRSS0Q==</latexit>vivj

<latexit sha1_base64="rUFJgofHXEtWY0zC9XBvWJCjsDk=">AAACFXicbVA9SwNBEN3z2/gVtRRkMQgWGu5E1EYI2FgqGBVyIcxt5pLVvb1jd04Iwcp/YGPtv7CxUMRWsPOn2LlJLPx6MMPjvRl250WZkpZ8/90bGh4ZHRufmCxMTc/MzhXnF05smhuBVZGq1JxFYFFJjVWSpPAsMwhJpPA0utjv+aeXaKxM9TF1Mqwn0NIylgLISY3ieqgwplCBbinklw257tp5aGSrTaEZqHt8IwSVtaFRLPllvw/+lwRfpFRZubv+WG6mh43iW9hMRZ6gJqHA2lrgZ1TvgiEpFF4VwtxiBuICWlhzVEOCtt7tX3XFV53S5HFqXGniffX7RhcSaztJ5CYToLb97fXE/7xaTvFuvSt1lhNqMXgozhWnlPci4k1pUJDqOALCSPdXLtpgQJALsuBCCH6f/JecbJaD7fLWUVCqVNgAE2yJrbA1FrAdVmEH7JBVmWA37J49sifv1nvwnr2XweiQ97WzyH7Ae/0EUfOh8Q==</latexit>

hvi, vji = �↵

<latexit sha1_base64="eLYyGtV5N1snE5PnIGG7IhceiCg=">AAACCHicbVDLSsNAFJ3UR2t9RV26cLAIbqxJ8bUMuHHZgn1AE8tkOmmHTiZxZiKUkKUbf8WNC0Xc+gnu/AHxM5w+Ftp64MLhnHu59x4/ZlQqy/o0cguLS8v5wkpxdW19Y9Pc2m7IKBGY1HHEItHykSSMclJXVDHSigVBoc9I0x9cjvzmHRGSRvxaDWPihajHaUAxUlrqmHscuj1yC12f8ihM7WMXsbiPbirwyM7SStYxS1bZGgPOE3tKSg6sfX8V8qfVjvnhdiOchIQrzJCUbduKlZcioShmJCu6iSQxwgPUI21NOQqJ9NLxIxk80EoXBpHQxRUcq78nUhRKOQx93Rki1Zez3kj8z2snKrjwUsrjRBGOJ4uChEEVwVEqsEsFwYoNNUFYUH0rxH0kEFY6u6IOwZ59eZ40KmX7rHxSs0uOAyYogF2wDw6BDc6BA65AFdQBBvfgETyDF+PBeDJejbdJa86YzuyAPzDefwCHAJtS</latexit>

n �
�1/↵2�1

2

�



Theorem(B.): Assuming            , we have                            

                                                                           .

<latexit sha1_base64="rQc8QOF76hAXVSNjN7qiJvNnLaw=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCq5JIUZcFNy4r2Ac0odxMJ83QySTMTJQair/ixoUibv0Pd/6N0zYLbT1w4XDOvdx7T5ByprTjfFulldW19Y3yZmVre2d3z94/aKskk4S2SMIT2Q1AUc4EbWmmOe2mkkIccNoJRtdTv3NPpWKJuNPjlPoxDAULGQFtpL595AFPI8CeZMNIg5TJA3b6dtWpOTPgZeIWpIoKNPv2lzdISBZToQkHpXquk2o/B6kZ4XRS8TJFUyAjGNKeoQJiqvx8dv0EnxplgMNEmhIaz9TfEznESo3jwHTGoCO16E3F/7xepsMrP2cizTQVZL4ozDjWCZ5GgQdMUqL52BAgkplbMYlAAtEmsIoJwV18eZm0z2vuRa1+W682GkUcZXSMTtAZctElaqAb1EQtRNAjekav6M16sl6sd+tj3lqyiplD9AfW5w8DUpTx</latexit>

↵ ! 0
<latexit sha1_base64="3BRExjIXhpzOrGvQmdnSEftmdfY="></latexit>

N↵(r)  max
⇣�1/↵2�1

2

�
, (2 + o(1))r

⌘



Theorem(B.): Assuming            , we have                            

                                                                           .

<latexit sha1_base64="rQc8QOF76hAXVSNjN7qiJvNnLaw=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCq5JIUZcFNy4r2Ac0odxMJ83QySTMTJQair/ixoUibv0Pd/6N0zYLbT1w4XDOvdx7T5ByprTjfFulldW19Y3yZmVre2d3z94/aKskk4S2SMIT2Q1AUc4EbWmmOe2mkkIccNoJRtdTv3NPpWKJuNPjlPoxDAULGQFtpL595AFPI8CeZMNIg5TJA3b6dtWpOTPgZeIWpIoKNPv2lzdISBZToQkHpXquk2o/B6kZ4XRS8TJFUyAjGNKeoQJiqvx8dv0EnxplgMNEmhIaz9TfEznESo3jwHTGoCO16E3F/7xepsMrP2cizTQVZL4ozDjWCZ5GgQdMUqL52BAgkplbMYlAAtEmsIoJwV18eZm0z2vuRa1+W682GkUcZXSMTtAZctElaqAb1EQtRNAjekav6M16sl6sd+tj3lqyiplD9AfW5w8DUpTx</latexit>

↵ ! 0
<latexit sha1_base64="3BRExjIXhpzOrGvQmdnSEftmdfY="></latexit>

N↵(r)  max
⇣�1/↵2�1

2

�
, (2 + o(1))r

⌘

Fix   and project                                                              onto the 
span of                         (with respect to the Frobenius inner 
product).

<latexit sha1_base64="XAZkxksQ65xCqyEe9+JVja3N8BQ=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAc9JmAWSIbQ06lJ2vT0DN09QhzyBF48KOLVB/ApfAJvHn0TO8tBE39o+Pj/Krqq/JgzpR3ny8osLC4tr2RXc2vrG5tb+e2dmooSSbFKIx7Jhk8Uciawqpnm2IglktDnWPf7l6O8fodSsUjc6EGMXki6ggWMEm2sCmvnC07RGcueB3cKhYuP+++r97203M5/tjoRTUIUmnKiVNN1Yu2lRGpGOQ5zrURhTGifdLFpUJAQlZeOBx3ah8bp2EEkzRPaHru/O1ISKjUIfVMZEt1Ts9nI/C9rJjo491Im4kSjoJOPgoTbOrJHW9sdJpFqPjBAqGRmVpv2iCRUm9vkzBHc2ZXnoXZcdE+LJxW3UCrBRFnYhwM4AhfOoATXUIYqUEB4gCd4tm6tR+vFep2UZqxpzy78kfX2AwvBkNM=</latexit>

i
<latexit sha1_base64="7el0QRtaMn6Vx0h52EsTmKTXqKo="></latexit>⇣Pn

j=1 x(j)vj
⌘
v|i + vi

⇣Pn
j=1 x(j)vj

⌘|
<latexit sha1_base64="UMBY+5FbwacYNadxWmkkju4LTtM="></latexit>

v1v
|
1 , . . . , vnv

|
n



Theorem(B.): Assuming            , we have                            

                                                                           .

<latexit sha1_base64="rQc8QOF76hAXVSNjN7qiJvNnLaw=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCq5JIUZcFNy4r2Ac0odxMJ83QySTMTJQair/ixoUibv0Pd/6N0zYLbT1w4XDOvdx7T5ByprTjfFulldW19Y3yZmVre2d3z94/aKskk4S2SMIT2Q1AUc4EbWmmOe2mkkIccNoJRtdTv3NPpWKJuNPjlPoxDAULGQFtpL595AFPI8CeZMNIg5TJA3b6dtWpOTPgZeIWpIoKNPv2lzdISBZToQkHpXquk2o/B6kZ4XRS8TJFUyAjGNKeoQJiqvx8dv0EnxplgMNEmhIaz9TfEznESo3jwHTGoCO16E3F/7xepsMrP2cizTQVZL4ozDjWCZ5GgQdMUqL52BAgkplbMYlAAtEmsIoJwV18eZm0z2vuRa1+W682GkUcZXSMTtAZctElaqAb1EQtRNAjekav6M16sl6sd+tj3lqyiplD9AfW5w8DUpTx</latexit>

↵ ! 0
<latexit sha1_base64="3BRExjIXhpzOrGvQmdnSEftmdfY="></latexit>

N↵(r)  max
⇣�1/↵2�1

2

�
, (2 + o(1))r

⌘

Fix   and project                                                              onto the 
span of                         (with respect to the Frobenius inner 
product).

<latexit sha1_base64="XAZkxksQ65xCqyEe9+JVja3N8BQ=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAc9JmAWSIbQ06lJ2vT0DN09QhzyBF48KOLVB/ApfAJvHn0TO8tBE39o+Pj/Krqq/JgzpR3ny8osLC4tr2RXc2vrG5tb+e2dmooSSbFKIx7Jhk8Uciawqpnm2IglktDnWPf7l6O8fodSsUjc6EGMXki6ggWMEm2sCmvnC07RGcueB3cKhYuP+++r97203M5/tjoRTUIUmnKiVNN1Yu2lRGpGOQ5zrURhTGifdLFpUJAQlZeOBx3ah8bp2EEkzRPaHru/O1ISKjUIfVMZEt1Ts9nI/C9rJjo491Im4kSjoJOPgoTbOrJHW9sdJpFqPjBAqGRmVpv2iCRUm9vkzBHc2ZXnoXZcdE+LJxW3UCrBRFnYhwM4AhfOoATXUIYqUEB4gCd4tm6tR+vFep2UZqxpzy78kfX2AwvBkNM=</latexit>

i
<latexit sha1_base64="7el0QRtaMn6Vx0h52EsTmKTXqKo="></latexit>⇣Pn

j=1 x(j)vj
⌘
v|i + vi

⇣Pn
j=1 x(j)vj

⌘|

Since the (Frobenius) norm can only decrease, a calculation 
yields that the degree of     satisfies                            .

<latexit sha1_base64="xehRxEHwYSOzeZb1HmmgPBrbekE=">AAACDXicbVC7TgJBFJ3FF+ILtbSZiBpocFeNWm5iYyck8khYJLPDLEyYfThzl4QQKjsbf8XGBI2xtbfzbxwehYInuTcn59ybmXvcSHAFpvltJBYWl5ZXkquptfWNza309k5ZhbGkrERDEcqqSxQTPGAl4CBYNZKM+K5gFbdzNfIrXSYVD4Nb6EWs7pNWwD1OCWipkT5oZrsNnsOOYPf4RncPstaxQ0TUJnenjuStNuQa6YyZN8fA88Sakox9NOQPxeqw0Eh/Oc2Qxj4LgAqiVM0yI6j3iQROBRuknFixiNAOabGapgHxmar3x9cM8KFWmtgLpa4A8Fj9vdEnvlI939WTPoG2mvVG4n9eLQbvst7nQRQDC+jkIS8WGEI8igY3uWQURE8TQiXXf8W0TSShoANM6RCs2ZPnSfkkb53nz4pWxrbRBEm0h/ZRFlnoAtnoGhVQCVH0iJ7RK3oznowX4934mIwmjOnOLvoD4/MHvwydxw==</latexit>

d(vi)  O
�
1/↵3

�
<latexit sha1_base64="s25MTop0OChGx7t57L0r9Wan6bs=">AAAB6nicbZC7SgNBFIbPeI3xFk1pMxgECwm7Imq5YGMZ0VwgWcLsZDYZMju7zMwGwpLG3sZCEVufyELwDXwGKyeXQhN/GPj4/3OYc06QCK6N43yipeWV1bX13EZ+c2t7Z7ewt1/Tcaooq9JYxKoREM0El6xquBGskShGokCwetC/Guf1AVOax/LODBPmR6QrecgpMda6HbR5u1Byys5EeBHcGZS84sf3/dfopNIuvLc6MU0jJg0VROum6yTGz4gynAo2yrdSzRJC+6TLmhYliZj2s8moI3xknQ4OY2WfNHji/u7ISKT1MApsZURMT89nY/O/rJma8NLPuExSwySdfhSmApsYj/fGHa4YNWJogVDF7ayY9ogi1Njr5O0R3PmVF6F2WnbPy2c3bsnzYKocHMAhHIMLF+DBNVSgChS68ABP8IwEekQv6HVauoRmPUX4I/T2AwlLkhA=</latexit>vi

<latexit sha1_base64="UMBY+5FbwacYNadxWmkkju4LTtM="></latexit>

v1v
|
1 , . . . , vnv

|
n



Theorem(B.): Assuming            , we have                            

                                                                           .

<latexit sha1_base64="rQc8QOF76hAXVSNjN7qiJvNnLaw=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCq5JIUZcFNy4r2Ac0odxMJ83QySTMTJQair/ixoUibv0Pd/6N0zYLbT1w4XDOvdx7T5ByprTjfFulldW19Y3yZmVre2d3z94/aKskk4S2SMIT2Q1AUc4EbWmmOe2mkkIccNoJRtdTv3NPpWKJuNPjlPoxDAULGQFtpL595AFPI8CeZMNIg5TJA3b6dtWpOTPgZeIWpIoKNPv2lzdISBZToQkHpXquk2o/B6kZ4XRS8TJFUyAjGNKeoQJiqvx8dv0EnxplgMNEmhIaz9TfEznESo3jwHTGoCO16E3F/7xepsMrP2cizTQVZL4ozDjWCZ5GgQdMUqL52BAgkplbMYlAAtEmsIoJwV18eZm0z2vuRa1+W682GkUcZXSMTtAZctElaqAb1EQtRNAjekav6M16sl6sd+tj3lqyiplD9AfW5w8DUpTx</latexit>

↵ ! 0
<latexit sha1_base64="3BRExjIXhpzOrGvQmdnSEftmdfY="></latexit>

N↵(r)  max
⇣�1/↵2�1

2

�
, (2 + o(1))r

⌘

Fix   and project                                                              onto the 
span of                         (with respect to the Frobenius inner 
product).

<latexit sha1_base64="XAZkxksQ65xCqyEe9+JVja3N8BQ=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAc9JmAWSIbQ06lJ2vT0DN09QhzyBF48KOLVB/ApfAJvHn0TO8tBE39o+Pj/Krqq/JgzpR3ny8osLC4tr2RXc2vrG5tb+e2dmooSSbFKIx7Jhk8Uciawqpnm2IglktDnWPf7l6O8fodSsUjc6EGMXki6ggWMEm2sCmvnC07RGcueB3cKhYuP+++r97203M5/tjoRTUIUmnKiVNN1Yu2lRGpGOQ5zrURhTGifdLFpUJAQlZeOBx3ah8bp2EEkzRPaHru/O1ISKjUIfVMZEt1Ts9nI/C9rJjo491Im4kSjoJOPgoTbOrJHW9sdJpFqPjBAqGRmVpv2iCRUm9vkzBHc2ZXnoXZcdE+LJxW3UCrBRFnYhwM4AhfOoATXUIYqUEB4gCd4tm6tR+vFep2UZqxpzy78kfX2AwvBkNM=</latexit>

i
<latexit sha1_base64="7el0QRtaMn6Vx0h52EsTmKTXqKo="></latexit>⇣Pn

j=1 x(j)vj
⌘
v|i + vi

⇣Pn
j=1 x(j)vj

⌘|

Since the (Frobenius) norm can only decrease, a calculation 
yields that the degree of     satisfies                            .

<latexit sha1_base64="xehRxEHwYSOzeZb1HmmgPBrbekE=">AAACDXicbVC7TgJBFJ3FF+ILtbSZiBpocFeNWm5iYyck8khYJLPDLEyYfThzl4QQKjsbf8XGBI2xtbfzbxwehYInuTcn59ybmXvcSHAFpvltJBYWl5ZXkquptfWNza309k5ZhbGkrERDEcqqSxQTPGAl4CBYNZKM+K5gFbdzNfIrXSYVD4Nb6EWs7pNWwD1OCWipkT5oZrsNnsOOYPf4RncPstaxQ0TUJnenjuStNuQa6YyZN8fA88Sakox9NOQPxeqw0Eh/Oc2Qxj4LgAqiVM0yI6j3iQROBRuknFixiNAOabGapgHxmar3x9cM8KFWmtgLpa4A8Fj9vdEnvlI939WTPoG2mvVG4n9eLQbvst7nQRQDC+jkIS8WGEI8igY3uWQURE8TQiXXf8W0TSShoANM6RCs2ZPnSfkkb53nz4pWxrbRBEm0h/ZRFlnoAtnoGhVQCVH0iJ7RK3oznowX4934mIwmjOnOLvoD4/MHvwydxw==</latexit>

d(vi)  O
�
1/↵3

�
<latexit sha1_base64="s25MTop0OChGx7t57L0r9Wan6bs=">AAAB6nicbZC7SgNBFIbPeI3xFk1pMxgECwm7Imq5YGMZ0VwgWcLsZDYZMju7zMwGwpLG3sZCEVufyELwDXwGKyeXQhN/GPj4/3OYc06QCK6N43yipeWV1bX13EZ+c2t7Z7ewt1/Tcaooq9JYxKoREM0El6xquBGskShGokCwetC/Guf1AVOax/LODBPmR6QrecgpMda6HbR5u1Byys5EeBHcGZS84sf3/dfopNIuvLc6MU0jJg0VROum6yTGz4gynAo2yrdSzRJC+6TLmhYliZj2s8moI3xknQ4OY2WfNHji/u7ISKT1MApsZURMT89nY/O/rJma8NLPuExSwySdfhSmApsYj/fGHa4YNWJogVDF7ayY9ogi1Njr5O0R3PmVF6F2WnbPy2c3bsnzYKocHMAhHIMLF+DBNVSgChS68ABP8IwEekQv6HVauoRmPUX4I/T2AwlLkhA=</latexit>vi

Using a variant of the usual Alon-Boppana theorem, we can 
bootstrap this bound to                    .

<latexit sha1_base64="BhylaVTedPhKlgwcsramGM62Vs4=">AAACBXicbVC7SgNBFJ2Nrxhfq4KNFoNBiU3YDUEtLBZsLCOYB2TXZXYymwyZfTAzGwjLNjb+io2FIrbWYmfnT/gDNk4ehUYPXDiccy/33uPFjAppGB9abm5+YXEpv1xYWV1b39A3txoiSjgmdRyxiLc8JAijIalLKhlpxZygwGOk6fXPR35zQLigUXglhzFxAtQNqU8xkkpy9b1OaeDSI3gGbZ8jnJpZWrURi3voupK5etEoG2PAv8SckqJ1iF8/3752aq7+bncinAQklJghIdqmEUsnRVxSzEhWsBNBYoT7qEvaioYoIMJJx19k8EApHehHXFUo4Vj9OZGiQIhh4KnOAMmemPVG4n9eO5H+qZPSME4kCfFkkZ8wKCM4igR2KCdYsqEiCHOqboW4h1QaUgVXUCGYsy//JY1K2TwuVy/NomWBCfJgF+yDEjDBCbDABaiBOsDgBtyBB/Co3Wr32pP2PGnNadOZbfAL2ss3lj6b0Q==</latexit>

d(vi) <
1

4↵2

<latexit sha1_base64="UMBY+5FbwacYNadxWmkkju4LTtM="></latexit>

v1v
|
1 , . . . , vnv

|
n



Theorem(B.): Assuming            , we have                            

                                                                           .

<latexit sha1_base64="rQc8QOF76hAXVSNjN7qiJvNnLaw=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCq5JIUZcFNy4r2Ac0odxMJ83QySTMTJQair/ixoUibv0Pd/6N0zYLbT1w4XDOvdx7T5ByprTjfFulldW19Y3yZmVre2d3z94/aKskk4S2SMIT2Q1AUc4EbWmmOe2mkkIccNoJRtdTv3NPpWKJuNPjlPoxDAULGQFtpL595AFPI8CeZMNIg5TJA3b6dtWpOTPgZeIWpIoKNPv2lzdISBZToQkHpXquk2o/B6kZ4XRS8TJFUyAjGNKeoQJiqvx8dv0EnxplgMNEmhIaz9TfEznESo3jwHTGoCO16E3F/7xepsMrP2cizTQVZL4ozDjWCZ5GgQdMUqL52BAgkplbMYlAAtEmsIoJwV18eZm0z2vuRa1+W682GkUcZXSMTtAZctElaqAb1EQtRNAjekav6M16sl6sd+tj3lqyiplD9AfW5w8DUpTx</latexit>

↵ ! 0
<latexit sha1_base64="3BRExjIXhpzOrGvQmdnSEftmdfY="></latexit>

N↵(r)  max
⇣�1/↵2�1

2

�
, (2 + o(1))r

⌘

Fix   and project                                                              onto the 
span of                         (with respect to the Frobenius inner 
product).

<latexit sha1_base64="XAZkxksQ65xCqyEe9+JVja3N8BQ=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAc9JmAWSIbQ06lJ2vT0DN09QhzyBF48KOLVB/ApfAJvHn0TO8tBE39o+Pj/Krqq/JgzpR3ny8osLC4tr2RXc2vrG5tb+e2dmooSSbFKIx7Jhk8Uciawqpnm2IglktDnWPf7l6O8fodSsUjc6EGMXki6ggWMEm2sCmvnC07RGcueB3cKhYuP+++r97203M5/tjoRTUIUmnKiVNN1Yu2lRGpGOQ5zrURhTGifdLFpUJAQlZeOBx3ah8bp2EEkzRPaHru/O1ISKjUIfVMZEt1Ts9nI/C9rJjo491Im4kSjoJOPgoTbOrJHW9sdJpFqPjBAqGRmVpv2iCRUm9vkzBHc2ZXnoXZcdE+LJxW3UCrBRFnYhwM4AhfOoATXUIYqUEB4gCd4tm6tR+vFep2UZqxpzy78kfX2AwvBkNM=</latexit>

i
<latexit sha1_base64="7el0QRtaMn6Vx0h52EsTmKTXqKo="></latexit>⇣Pn

j=1 x(j)vj
⌘
v|i + vi

⇣Pn
j=1 x(j)vj

⌘|

Since the (Frobenius) norm can only decrease, a calculation 
yields that the degree of     satisfies                            .

<latexit sha1_base64="xehRxEHwYSOzeZb1HmmgPBrbekE=">AAACDXicbVC7TgJBFJ3FF+ILtbSZiBpocFeNWm5iYyck8khYJLPDLEyYfThzl4QQKjsbf8XGBI2xtbfzbxwehYInuTcn59ybmXvcSHAFpvltJBYWl5ZXkquptfWNza309k5ZhbGkrERDEcqqSxQTPGAl4CBYNZKM+K5gFbdzNfIrXSYVD4Nb6EWs7pNWwD1OCWipkT5oZrsNnsOOYPf4RncPstaxQ0TUJnenjuStNuQa6YyZN8fA88Sakox9NOQPxeqw0Eh/Oc2Qxj4LgAqiVM0yI6j3iQROBRuknFixiNAOabGapgHxmar3x9cM8KFWmtgLpa4A8Fj9vdEnvlI939WTPoG2mvVG4n9eLQbvst7nQRQDC+jkIS8WGEI8igY3uWQURE8TQiXXf8W0TSShoANM6RCs2ZPnSfkkb53nz4pWxrbRBEm0h/ZRFlnoAtnoGhVQCVH0iJ7RK3oznowX4934mIwmjOnOLvoD4/MHvwydxw==</latexit>

d(vi)  O
�
1/↵3

�
<latexit sha1_base64="s25MTop0OChGx7t57L0r9Wan6bs=">AAAB6nicbZC7SgNBFIbPeI3xFk1pMxgECwm7Imq5YGMZ0VwgWcLsZDYZMju7zMwGwpLG3sZCEVufyELwDXwGKyeXQhN/GPj4/3OYc06QCK6N43yipeWV1bX13EZ+c2t7Z7ewt1/Tcaooq9JYxKoREM0El6xquBGskShGokCwetC/Guf1AVOax/LODBPmR6QrecgpMda6HbR5u1Byys5EeBHcGZS84sf3/dfopNIuvLc6MU0jJg0VROum6yTGz4gynAo2yrdSzRJC+6TLmhYliZj2s8moI3xknQ4OY2WfNHji/u7ISKT1MApsZURMT89nY/O/rJma8NLPuExSwySdfhSmApsYj/fGHa4YNWJogVDF7ayY9ogi1Njr5O0R3PmVF6F2WnbPy2c3bsnzYKocHMAhHIMLF+DBNVSgChS68ABP8IwEekQv6HVauoRmPUX4I/T2AwlLkhA=</latexit>vi

Using a variant of the usual Alon-Boppana theorem, we can 
bootstrap this bound to                    .

The second bound                           then follows by applying 
the inequality                                      with                       .

<latexit sha1_base64="HPRMzNlcGmCdm9LG0V9d+8s6O2w=">AAAB/HicbVDLSgMxFM3UR2t9jXbpJliEFqHMFF/LghuXLdgHtEPJpJk2NJOMSUYYhvorblwo4tYPcecPiJ9h+lho64ELh3Pu5d57/IhRpR3n08qsrW9sZnNb+e2d3b19++CwpUQsMWliwYTs+EgRRjlpaqoZ6USSoNBnpO2Pr6d++55IRQW/1UlEvBANOQ0oRtpIfbvAYY+RO1iqwlMoSm65DGXfLjoVZwa4StwFKdZg4/srlz2v9+2P3kDgOCRcY4aU6rpOpL0USU0xI5N8L1YkQniMhqRrKEchUV46O34CT4wygIGQpriGM/X3RIpCpZLQN50h0iO17E3F/7xurIMrL6U8ijXheL4oiBnUAk6TgAMqCdYsMQRhSc2tEI+QRFibvPImBHf55VXSqlbci8pZwy3WamCOHDgCx6AEXHAJauAG1EETYJCAR/AMXqwH68l6td7mrRlrMVMAf2C9/wBZdZTt</latexit>

n  (2 + o(1))r
<latexit sha1_base64="WtMXpCV2Wc3DDmHCsJz+TEpoUYI=">AAACGHicbVDJTgJBFOxxA3FDPXrpSEzggjPE7UjihSMksiSApKd5aIeexe43RjLhM7z4K148aIxXbv6A8TNslgOKlXRSqaqX16/cUAqNtv1pLS2vrK4lkuupjc2t7Z307l5NB5HiUOWBDFTDZRqk8KGKAiU0QgXMcyXU3f7l2K/fg9Ii8K9wEELbYze+6AnO0Eid9HEL4QFjVMNsKXddoC0Jd3Sqqf5Yo3OB60Kuk87YeXsCukicGckUaeX7K5k4LXfSo1Y34JEHPnLJtG46dojtmCkUXMIw1Yo0hIz32Q00DfWZB7odTw4b0iOjdGkvUOb5SCfq/ETMPK0HnmuSHsNb/dcbi/95zQh7F+1Y+GGE4PPpol4kKQZ03BLtCgUc5cAQxpUwf6X8linG0XSZMiU4f09eJLVC3jnLn1ScTLFIpkiSA3JIssQh56RISqRMqoSTR/JMXsmb9WS9WO/WxzS6ZM1m9skvWKMfLheiJQ==</latexit>

tr(H)2  rk(H)tr(H2) ⇤

<latexit sha1_base64="BhylaVTedPhKlgwcsramGM62Vs4=">AAACBXicbVC7SgNBFJ2Nrxhfq4KNFoNBiU3YDUEtLBZsLCOYB2TXZXYymwyZfTAzGwjLNjb+io2FIrbWYmfnT/gDNk4ehUYPXDiccy/33uPFjAppGB9abm5+YXEpv1xYWV1b39A3txoiSjgmdRyxiLc8JAijIalLKhlpxZygwGOk6fXPR35zQLigUXglhzFxAtQNqU8xkkpy9b1OaeDSI3gGbZ8jnJpZWrURi3voupK5etEoG2PAv8SckqJ1iF8/3752aq7+bncinAQklJghIdqmEUsnRVxSzEhWsBNBYoT7qEvaioYoIMJJx19k8EApHehHXFUo4Vj9OZGiQIhh4KnOAMmemPVG4n9eO5H+qZPSME4kCfFkkZ8wKCM4igR2KCdYsqEiCHOqboW4h1QaUgVXUCGYsy//JY1K2TwuVy/NomWBCfJgF+yDEjDBCbDABaiBOsDgBtyBB/Co3Wr32pP2PGnNadOZbfAL2ss3lj6b0Q==</latexit>

d(vi) <
1

4↵2

<latexit sha1_base64="281bdt9qN7OzEtISDuNGIgYknQY=">AAAB+XicbVA9SwNBEJ1TE2P8OrW0WQyCjeFORG2EA5sgCBHMByRH2NtskiV7e8fuXiAcaf0VaSwUETv/iZ0/xN7NR6GJDwYe780wMy+IOVPacb6sldW1THY9t5Hf3Nre2bX39qsqSiShFRLxSNYDrChnglY005zWY0lxGHBaC/o3E782oFKxSDzoYUz9EHcF6zCCtZFatl1C1+gOnaIm5nEPo9uWXXCKzhRombhzUvCy42/x/pgpt+zPZjsiSUiFJhwr1XCdWPsplpoRTkf5ZqJojEkfd2nDUIFDqvx0evkIHRuljTqRNCU0mqq/J1IcKjUMA9MZYt1Ti95E/M9rJLpz5adMxImmgswWdRKOdIQmMaA2k5RoPjQEE8nMrYj0sMREm7DyJgR38eVlUj0ruhfF83u34HkwQw4O4QhOwIVL8KAEZagAgQGM4RlerNR6sl6tt1nrijWfOYA/sD5+ACLKlRY=</latexit>

H = M � ↵J

<latexit sha1_base64="UMBY+5FbwacYNadxWmkkju4LTtM="></latexit>

v1v
|
1 , . . . , vnv

|
n



New results in the complex setting



Given a pair of complex lines                , the quantity              is 
the same for all unit vectors                      and so 

is called the Hermitian angle between     and    .

New results in the complex setting
<latexit sha1_base64="2+jL0kmVyhdTy8lhNqMikoO9ou8="></latexit>

U, V ⇢ Cr

<latexit sha1_base64="cpl887hs4yWu7xCa9XjsQs/0k0k="></latexit>

u 2 U, v 2 V

<latexit sha1_base64="sTWBTnMWbYDRRjhDABIxAJOfXzc="></latexit>

| hu, vi |

<latexit sha1_base64="vbZ0VfxTMbxPElhhE1TdI/lXatg="></latexit>

U
<latexit sha1_base64="8Lr7wYy+8o4yi4Ii1BfGsq6Dgl0="></latexit>

V

<latexit sha1_base64="Pe39bk6kJ1hVh25ZbxApvQgbb2U="></latexit>

arccos | hu, vi |



Given a pair of complex lines                , the quantity              is 
the same for all unit vectors                      and so 

is called the Hermitian angle between     and    .

New results in the complex setting
<latexit sha1_base64="2+jL0kmVyhdTy8lhNqMikoO9ou8="></latexit>

U, V ⇢ Cr

<latexit sha1_base64="cpl887hs4yWu7xCa9XjsQs/0k0k="></latexit>

u 2 U, v 2 V

<latexit sha1_base64="sTWBTnMWbYDRRjhDABIxAJOfXzc="></latexit>

| hu, vi |

<latexit sha1_base64="vbZ0VfxTMbxPElhhE1TdI/lXatg="></latexit>

U
<latexit sha1_base64="8Lr7wYy+8o4yi4Ii1BfGsq6Dgl0="></latexit>

V

<latexit sha1_base64="Pe39bk6kJ1hVh25ZbxApvQgbb2U="></latexit>

arccos | hu, vi |

We define            to be the maximum number of complex 
equiangular lines in      with common Hermitian angle                .

<latexit sha1_base64="HQRxjhP06Otz9sC/TOMBM2QGE8E="></latexit>

NC
↵ (r)

<latexit sha1_base64="ljGRezzWRDKaNntJgLL+qh0F6SU="></latexit>

Cr
<latexit sha1_base64="hvLdLCbYvL+fPqZoFH/IgY8ew0Q="></latexit>

arccos(↵)



Given a pair of complex lines                , the quantity              is 
the same for all unit vectors                      and so 

is called the Hermitian angle between     and    .

New results in the complex setting
<latexit sha1_base64="2+jL0kmVyhdTy8lhNqMikoO9ou8="></latexit>

U, V ⇢ Cr

<latexit sha1_base64="cpl887hs4yWu7xCa9XjsQs/0k0k="></latexit>

u 2 U, v 2 V

<latexit sha1_base64="sTWBTnMWbYDRRjhDABIxAJOfXzc="></latexit>

| hu, vi |

<latexit sha1_base64="vbZ0VfxTMbxPElhhE1TdI/lXatg="></latexit>

U
<latexit sha1_base64="8Lr7wYy+8o4yi4Ii1BfGsq6Dgl0="></latexit>

V

<latexit sha1_base64="Pe39bk6kJ1hVh25ZbxApvQgbb2U="></latexit>

arccos | hu, vi |

We define            to be the maximum number of complex 
equiangular lines in      with common Hermitian angle                .

<latexit sha1_base64="HQRxjhP06Otz9sC/TOMBM2QGE8E="></latexit>

NC
↵ (r)

<latexit sha1_base64="ljGRezzWRDKaNntJgLL+qh0F6SU="></latexit>

Cr
<latexit sha1_base64="hvLdLCbYvL+fPqZoFH/IgY8ew0Q="></latexit>

arccos(↵)

Theorem[Absolute bound] (Delsarte, Goethals, Seidel 75):                 . 
<latexit sha1_base64="u/j+IbVRy4YU5MU7qrJGYrf3ihQ="></latexit>

NC
↵ (r)  r2



Given a pair of complex lines                , the quantity              is 
the same for all unit vectors                      and so 

is called the Hermitian angle between     and    .

New results in the complex setting
<latexit sha1_base64="2+jL0kmVyhdTy8lhNqMikoO9ou8="></latexit>

U, V ⇢ Cr

<latexit sha1_base64="cpl887hs4yWu7xCa9XjsQs/0k0k="></latexit>

u 2 U, v 2 V

<latexit sha1_base64="sTWBTnMWbYDRRjhDABIxAJOfXzc="></latexit>

| hu, vi |

<latexit sha1_base64="vbZ0VfxTMbxPElhhE1TdI/lXatg="></latexit>

U
<latexit sha1_base64="8Lr7wYy+8o4yi4Ii1BfGsq6Dgl0="></latexit>

V

<latexit sha1_base64="Pe39bk6kJ1hVh25ZbxApvQgbb2U="></latexit>

arccos | hu, vi |

We define            to be the maximum number of complex 
equiangular lines in      with common Hermitian angle                .

<latexit sha1_base64="HQRxjhP06Otz9sC/TOMBM2QGE8E="></latexit>

NC
↵ (r)

<latexit sha1_base64="ljGRezzWRDKaNntJgLL+qh0F6SU="></latexit>

Cr
<latexit sha1_base64="hvLdLCbYvL+fPqZoFH/IgY8ew0Q="></latexit>

arccos(↵)

Theorem[Absolute bound] (Delsarte, Goethals, Seidel 75):                 . 
<latexit sha1_base64="u/j+IbVRy4YU5MU7qrJGYrf3ihQ="></latexit>

NC
↵ (r)  r2

Conjecture (Zauner 99): For each          ,                             and a 
construction can be obtained as the orbit of a vector under 
the action of a Weyl-Heisenberg group.

<latexit sha1_base64="l0bHw4Qg1pGSb2eo/6NseGoXeNA="></latexit>

r 2 N
<latexit sha1_base64="wmvDq+PBtnTnVrXnwnh3i2xaI44="></latexit>

max↵ NC
↵ (r) = r2



Given a pair of complex lines                , the quantity              is 
the same for all unit vectors                      and so 

is called the Hermitian angle between     and    .

New results in the complex setting
<latexit sha1_base64="2+jL0kmVyhdTy8lhNqMikoO9ou8="></latexit>

U, V ⇢ Cr

<latexit sha1_base64="cpl887hs4yWu7xCa9XjsQs/0k0k="></latexit>

u 2 U, v 2 V

<latexit sha1_base64="sTWBTnMWbYDRRjhDABIxAJOfXzc="></latexit>

| hu, vi |

<latexit sha1_base64="vbZ0VfxTMbxPElhhE1TdI/lXatg="></latexit>

U
<latexit sha1_base64="8Lr7wYy+8o4yi4Ii1BfGsq6Dgl0="></latexit>

V

<latexit sha1_base64="Pe39bk6kJ1hVh25ZbxApvQgbb2U="></latexit>

arccos | hu, vi |

We define            to be the maximum number of complex 
equiangular lines in      with common Hermitian angle                .

<latexit sha1_base64="HQRxjhP06Otz9sC/TOMBM2QGE8E="></latexit>

NC
↵ (r)

<latexit sha1_base64="ljGRezzWRDKaNntJgLL+qh0F6SU="></latexit>

Cr
<latexit sha1_base64="hvLdLCbYvL+fPqZoFH/IgY8ew0Q="></latexit>

arccos(↵)

Theorem[Absolute bound] (Delsarte, Goethals, Seidel 75):                 . 
<latexit sha1_base64="u/j+IbVRy4YU5MU7qrJGYrf3ihQ="></latexit>

NC
↵ (r)  r2

Collections of     complex equiangular lines in      are known as

SIC-POVMs/SICs in quantum information theory. 

<latexit sha1_base64="HUSW30pPeTnt1kM4eKwbVBpHqjQ="></latexit>

r2
<latexit sha1_base64="ljGRezzWRDKaNntJgLL+qh0F6SU="></latexit>

Cr

Conjecture (Zauner 99): For each          ,                             and a 
construction can be obtained as the orbit of a vector under 
the action of a Weyl-Heisenberg group.

<latexit sha1_base64="l0bHw4Qg1pGSb2eo/6NseGoXeNA="></latexit>

r 2 N
<latexit sha1_base64="wmvDq+PBtnTnVrXnwnh3i2xaI44="></latexit>

max↵ NC
↵ (r) = r2



New results in the complex setting



New results in the complex setting

Theorem[Relative Bound] (Delsarte, Goethals, Seidel 75):                                 

                            for all                       .

<latexit sha1_base64="B912TXnWdGYbSmO141+P5JRF6ZU="></latexit>

NC
↵ (r)  r 1�↵2

1�r↵2

<latexit sha1_base64="cD+tekpOIrHpYRO5f6EQ9tX6ju0=">AAAB/nicbVDLSgMxFM3UR2t9jYorN8EiuLFOiq/lgBuXLdgHdMaSSTNtMJMZk4xQhoK/4saFIm79Dnf+gPgZpo+Fth64cDjnXu69J0g4U9pxPq3cwuLScr6wUlxdW9/YtLe2GypOJaF1EvNYtgKsKGeC1jXTnLYSSXEUcNoMbi9HfvOeSsVica0HCfUj3BMsZARrI3XsXQk9Tu8gOvYwT/r4pgKPIOrYJafsjAHnCZqSkgtr31+F/Gm1Y3943ZikERWacKxUGzmJ9jMsNSOcDoteqmiCyS3u0bahAkdU+dn4/CE8MEoXhrE0JTQcq78nMhwpNYgC0xlh3Vez3kj8z2unOrzwMyaSVFNBJovClEMdw1EWsMskJZoPDMFEMnMrJH0sMdEmsaIJAc2+PE8alTI6K5/UUMl1wQQFsAf2wSFA4By44ApUQR0QkIFH8AxerAfryXq13iatOWs6swP+wHr/AQOgloQ=</latexit>

r  1/↵2 � 1



New results in the complex setting

Theorem(B.): If                  , then                                , with 
equality if and only if there exists a SIC in                dimensions.

Theorem[Relative Bound] (Delsarte, Goethals, Seidel 75):                                 

                            for all                       .

<latexit sha1_base64="B912TXnWdGYbSmO141+P5JRF6ZU="></latexit>

NC
↵ (r)  r 1�↵2

1�r↵2

<latexit sha1_base64="M6lmPDulEQL0AS/GDwZoDUtpE78=">AAACB3icbVC7SgNBFJ2Nrxhfq4KNIINBiYVhR0UtF2wsI5gHZGOYncwmQ2YfzswKYdnOxl+xsVDE1lLs7PwJf8DGyaPQxAMXDufcy733uBFnUlnWp5GZmp6ZncvO5xYWl5ZXzNW1igxjQWiZhDwUNRdLyllAy4opTmuRoNh3Oa263bO+X72hQrIwuFS9iDZ83A6YxwhWWmqaWwI6nF5DxxOYJGg/LKC9NHEwjzr46jBtmnmraA0AJwkakby9S96+3r83Sk3zw2mFJPZpoAjHUtaRFalGgoVihNM058SSRph0cZvWNQ2wT2UjGfyRwh2ttKAXCl2BggP190SCfSl7vqs7faw6ctzri/959Vh5p42EBVGsaECGi7yYQxXCfiiwxQQlivc0wUQwfSskHawTUTq6nA4Bjb88SSoHRXRcPLpAedsGQ2TBJtgGBYDACbDBOSiBMiDgFtyDR/Bk3BkPxrPxMmzNGKOZdfAHxusPL02csQ==</latexit>

r  1�o(1)
↵3

<latexit sha1_base64="3HUsY04uT74kq67gyXh/Msx4tGU="></latexit>

NC
↵ (r) 

�
1
↵2 � 1

�2
<latexit sha1_base64="BFkD6s74sBNU7Xb93YRi6BGM/sc=">AAAB9XicbVDJSgNBEO2JS2Lcoh69NAbBi3EmuB0HvHhMwCyQTEJNpydp0tMzdPcoYch/ePGgiFf/xZs/IH6GneWgiQ8KHu9VUVXPjzlT2rY/rczK6tp6NreR39za3tkt7O3XVZRIQmsk4pFs+qAoZ4LWNNOcNmNJIfQ5bfjDm4nfuKdSsUjc6VFMvRD6ggWMgDZSxzlrA48H0CnjU+x0C0W7ZE+Bl4kzJ0UXV7+/ctmLSrfw0e5FJAmp0ISDUi3HjrWXgtSMcDrOtxNFYyBD6NOWoQJCqrx0evUYHxulh4NImhIaT9XfEymESo1C33SGoAdq0ZuI/3mtRAfXXspEnGgqyGxRkHCsIzyJAPeYpETzkSFAJDO3YjIACUSboPImBGfx5WVSL5ecy9J51Sm6Lpohhw7RETpBDrpCLrpFFVRDBEn0iJ7Ri/VgPVmv1tusNWPNZw7QH1jvP97gk70=</latexit>

1/↵2 � 1
<latexit sha1_base64="csx4f4cGdkHZVIQxgaq7Tsa1TKA="></latexit>

N
C
↵ (r)  1+↵

↵ r +O
�

1
↵3

�

<latexit sha1_base64="cD+tekpOIrHpYRO5f6EQ9tX6ju0=">AAAB/nicbVDLSgMxFM3UR2t9jYorN8EiuLFOiq/lgBuXLdgHdMaSSTNtMJMZk4xQhoK/4saFIm79Dnf+gPgZpo+Fth64cDjnXu69J0g4U9pxPq3cwuLScr6wUlxdW9/YtLe2GypOJaF1EvNYtgKsKGeC1jXTnLYSSXEUcNoMbi9HfvOeSsVica0HCfUj3BMsZARrI3XsXQk9Tu8gOvYwT/r4pgKPIOrYJafsjAHnCZqSkgtr31+F/Gm1Y3943ZikERWacKxUGzmJ9jMsNSOcDoteqmiCyS3u0bahAkdU+dn4/CE8MEoXhrE0JTQcq78nMhwpNYgC0xlh3Vez3kj8z2unOrzwMyaSVFNBJovClEMdw1EWsMskJZoPDMFEMnMrJH0sMdEmsaIJAc2+PE8alTI6K5/UUMl1wQQFsAf2wSFA4By44ApUQR0QkIFH8AxerAfryXq13iatOWs6swP+wHr/AQOgloQ=</latexit>

r  1/↵2 � 1

Otherwise                                        .



Future directions for research

• Unit vectors corresponding to equiangular lines are 
equivalently spherical              -codes. Extend methods to 
more general spherical    -codes.


• Determine            .


• Generalize to other graph matrices (ex: Laplacian). 

• Generalize to equiangular subspaces. 

• Is there a constant           such that if             , then any graph 
with    vertices and max degree     has second eigenvalue 
multiplicity                    ?

<latexit sha1_base64="FDUGznVHjcD9f1/3oIs2BwDcq5Y="></latexit>

{↵,�↵}
<latexit sha1_base64="+4+soWZPVcldvmhglygKcPoad18="></latexit>

L

<latexit sha1_base64="HQRxjhP06Otz9sC/TOMBM2QGE8E="></latexit>

NC
↵ (r)

<latexit sha1_base64="mnPHZ5uhZEnRC4ARZvQB65CbXuo=">AAACEnicbVDLSgMxFM34rPU16tJNsAgtSJkpoi4LblxWcNpCpwyZNNOGJpkhyQhlnG9w46+4caGIO3Hlzr8xfSDaeiBwOOdcbu4JE0aVdpwva2l5ZXVtvbBR3Nza3tm19/abKk4lJh6OWSzbIVKEUUE8TTUj7UQSxENGWuHwcuy3bolUNBY3epSQLkd9QSOKkTZSYFd42Wcm3kNBrQJ9RpRSlEM/kghnIs9+zDywS07VmQAuEndGSvWTd8erobtGYH/6vRinnAiNGVKq4zqJ7mZIaooZyYt+qkiC8BD1ScdQgThR3WxyUg6PjdKDUSzNExpO1N8TGeJKjXhokhzpgZr3xuJ/XifV0UU3oyJJNRF4uihKGdQxHPcDe1QSrNnIEIQlNX+FeIBMG9q0WDQluPMnL5JmreqeVU+v3VK9DqYogENwBMrABeegDq5AA3gAg3vwCJ7Bi/VgPVmv1ts0umTNZg7AH1gf34+5oF8=</latexit>

m(�2) . n
�2

<latexit sha1_base64="wWXKl8hKVQCtLxKZeG6UH4GMvMA=">AAAB+nicbVDJSgNBEO2JWxaXJB69NAbBg4QZEfUYiAePEc0CmTH0dCpJk56esbtHCWM+xYsHRbz6H4I3/8bOctDEBwWP96qoqudHnClt299WamV1bX0jncnmNre2d/KFYkOFsaRQpyEPZcsnCjgTUNdMc2hFEkjgc2j6w+rEb96DVCwUN3oUgReQvmA9Rok2UidfENjtwx12L4BrcptUx518yS7bU+Bl4sxJqVLMXdcyR5+1Tv7L7YY0DkBoyolSbceOtJcQqRnlMM66sYKI0CHpQ9tQQQJQXjI9fYwPjNLFvVCaEhpP1d8TCQmUGgW+6QyIHqhFbyL+57Vj3Tv3EiaiWIOgs0W9mGMd4kkOuMskUM1HhhAqmbkV0wGRhGqTVtaE4Cy+vEwax2XntHxy5ZQqFTRDGu2hfXSIHHSGKugS1VAdUfSAntALerUerWfrzXqftaas+cwu+gPr4wcuJpWD</latexit>

n � �C<latexit sha1_base64="Li+RVFeZEOg59BHxAX1a2vvznP8=">AAAB7XicbZA7SwNBFIXvxleMr/jobAaDYBV2RdRKA2ksI5gHJEuYncwmY2ZnlplZISz5D4JYKGLr/7GzsLezs3byKDR6YODjnHuZe28Qc6aN6745mbn5hcWl7HJuZXVtfSO/uVXTMlGEVonkUjUCrClnglYNM5w2YkVxFHBaD/rlUV6/oUozKa7MIKZ+hLuChYxgY61aGZ0h5LbzBbfojoX+gjeFwvnX3cdO5fO90s6/tjqSJBEVhnCsddNzY+OnWBlGOB3mWommMSZ93KVNiwJHVPvpeNoh2rdOB4VS2ScMGrs/O1IcaT2IAlsZYdPTs9nI/C9rJiY89VMm4sRQQSYfhQlHRqLR6qjDFCWGDyxgopidFZEeVpgYe6CcPYI3u/JfqB0WvePi0aVXKJVgoizswh4cgAcnUIILqEAVCFzDLTzAoyOde+fJeZ6UZpxpzzb8kvPyDRmgkqs=</latexit>

C > 0
<latexit sha1_base64="cHzqUcq0sObHYsWpadeV78L772I=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAc9JmAWSIbQ06lJ2vT0DN09QhzyBF48KOLVB/ApfAJvHn0TO8tBE39o+Pj/Krqq/JgzpR3ny8osLC4tr2RXc2vrG5tb+e2dmooSSbFKIx7Jhk8Uciawqpnm2IglktDnWPf7l6O8fodSsUjc6EGMXki6ggWMEm2simjnC07RGcueB3cKhYuP+++r97203M5/tjoRTUIUmnKiVNN1Yu2lRGpGOQ5zrURhTGifdLFpUJAQlZeOBx3ah8bp2EEkzRPaHru/O1ISKjUIfVMZEt1Ts9nI/C9rJjo491Im4kSjoJOPgoTbOrJHW9sdJpFqPjBAqGRmVpv2iCRUm9vkzBHc2ZXnoXZcdE+LJxWnUCrBRFnYhwM4AhfOoATXUIYqUEB4gCd4tm6tR+vFep2UZqxpzy78kfX2AxMFkNc=</latexit>n

<latexit sha1_base64="xgvfsAq3vOzpi8wwdg1H4hV9zxw=">AAAB7XicbZDLSgMxFIYz9VbrrV52boJFcFVmRNSdBQVdVrAXaIeSSc+0sZlkSDJCHfoOblwo4tadT+ETuHPpm5heFtr6Q+Dj/88h55wg5kwb1/1yMnPzC4tL2eXcyura+kZ+c6uqZaIoVKjkUtUDooEzARXDDId6rIBEAYda0Dsf5rU7UJpJcWP6MfgR6QgWMkqMtarNC+CGtPIFt+iOhGfBm0Dh7OP++/J9Jy238p/NtqRJBMJQTrRueG5s/JQowyiHQa6ZaIgJ7ZEONCwKEoH209G0A7xvnTYOpbJPGDxyf3ekJNK6HwW2MiKmq6ezoflf1khMeOqnTMSJAUHHH4UJx0bi4eq4zRRQw/sWCFXMzopplyhCjT1Qzh7Bm155FqqHRe+4eHTtFkolNFYW7aI9dIA8dIJK6AqVUQVRdIse0BN6dqTz6Lw4r+PSjDPp2UZ/5Lz9AJxxkuE=</latexit>

�




